€L PO PUCTHAI (Téng Cha bién kiém Cha bién)
Yy ) PHAM XUAN CHUNG - NGUYEN SON HA - NGUYEN THI PHUGNG LOAN
CaniDiey PHAMSY NAM - PHAM MINH PHUONG

7 >
2 ax+b | / s

ex + el |
(a=0, ad = bc>0) /

,ﬁ’{k\
/Y J) CONGTYCOPHAN DAUTY
) S VEDIC XUAT BAN - THIET Bl GIAO DUCVIET NAM ) .
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HOI PONG QUOC GIA THAM PINH SACH GIAO KHOA
Mén Toan - Lap 12
(Theo Quyét dinh sé 1882408-BGDET ngay 29 thang 6 nam 2023
clia Bo trudng Bd Gldo duc vo Bdo tao)

Lé Mau Hai (Chd tich), Cao Thi Ha (Phé Chu tich), Pham Buc Tai (Uy vién, Thu ki).
Cac Uy vién: Pham Khac Ban, Nguyén Hac Hai, Nguyén Doan Pha, Nguyén Chién Thang,
Nguyén Thi Vinh Thuyén, Binh Cao Thugng, Pham Binh Tang, Vi Thi Nhu Trang.
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DO PUC THAI (Téng Chai bién kiém Chii bién)
PHAM XUAN CHUNG - NGUYEN SON HA
NGUYEN THI PHUONG LOAN — PHAM SY NAM - PHAM MINH PHUONG

TAPMOT

BAN MAU

m CONG TY CO PHAN DAU TU
sorcz XUAT BAN - THIET Bl GIAO DUC VIET NAM
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BIEU TUONG

DUNG TRONG SACH

PG 2" cAUHOI KHOI DONG
=2 &gl md van dé, dén dét hoc sinh véo bal hoc

HOAT DONG |
Gidp hoc sinh phan tich, kién tao kién thic méi
vdi su hudng dan cla gido vién

ﬁ‘mm KHAM PHA KIEN THUC
U™ pnat hian kisn thic mél i hogt dong

i&.’r KIEN THUC TRONG TAM
~ Nl dung kién thic trong tam

Y LUYEN TAP — VAN DUNG
« S dung nhiing kién thic via hec dé lam
nhing bai tGp cd ban
«Van dung kién thic da bist dé gidl quyst
van dé, ddc biét nhing van dé thuc tién

ﬂ, wuy
Nhing kién thic, ki nang cén Iuu ¥ thém

}r-_l | TiM HIEU THEM

Gidp hoc sinh fim hiéu thém nhiing kién thic mdi
g6p phan md réng ndi dung bdi hoc

Céc em giif gin sach cdn than, khéng viét vao sach dé st dung duge 15u dai.
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————————————————————————————
Cdc em hoc sinh lop 12
yeuquy!

Nam hoc ndy, ching fa lgi vul ming gdp nhau qua cudn sach Todn 12,
Sach Todn 12 tiép fyc gilip cdc em cé thém nhidu hidu biét vé mot s yéu
16 gidi tich (nhu: Ung dung dao ham dé khdio sat va vé db thi clia ham sé;
nguyén ham; fich phan), phudng phdp tog dd trong khdng gian (nhut: tog dd
clia vecto frong khéng gian: phudng tinh dudng théng, mat phang, mat cdu
trong khéng gian). Cac em clng dudc ti€p tuc lam guen vdi théng ké va
xéc sudt; tién hanh nhiing hoat ddng thyc hanh va frdi nghiém: dgc biégt vé
nhing hoat déng tai chinh don gidn; s dyung phdn mém toan hoc trong
thide hanh tinh todn va vé hinh Hinh hoe. Qua dé gidp cac em hidu bist thém
nhing céng cuy guan trong cla todn hoc frong viéc gidi quyét cac van de
thue tién.

Nam hoc ndy cing Ia ndm hoc cudi clng cla cac em & cdp frung hoc
phé théng. sach Todn 12 s& gidp céc em nhin nhan Igi nhiing hee van todn
hoc cét 161 & nhiing I8p frude, chudn bi 16t nhat cho cac em & nhing K thi
cudi cdp, cang nhu budc vao nhiing bac hoc cao han,

Tod@in bd nhiing diéu frén dugc thé hién qua nhing tranh anh, hinh v&, bai
tap doc dao vé hdp dan; gua nhiing cdu chuyén Ii thi vé khoa hoc tuy nhién,
vé van hoa va nghé thudt, kién tric, thé thao va du lich. T dé, cac em dugc
tién thém mot budc trén con dudng kham pha thé gidl bi én va dep dé cla
toan hoc, ddc biét Id duge "lam glau” vé vén van hod chung va cé cd hoi
*Mang cudc séng vao bdi hoc — Bua bdi hoc vao cudc séng”.

Chiu khé suy nghi, trao déi véi cae thay cd gido va ban bé, nhdt dinh cae
aem s& ngdy cang tién bd va cdm thdy vui sudng khi nhan ra y nghia: Hoc toan
18t c6 ich cho cude sdng hang ngay.

Chic cac em hoc tap that t6t, say mé hoc todn va cé thém nhiéu
niém wui.

Cac tac gia
T ——.

3
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CHUONG I. UNG DUNG DAO HAM DE KHAO SAT

VA VE DO TH| CUA HAM SO
§1. Tinh don diéu caa ham s6 5
§2. (Gia tri lém nhat va gia tri nho nhat caa him s6 15
§3. Purémg tiém can cia do thi ham s6 21
§4. Khao sat sur bién thién va v& do thi ciia him so 28
Bai tip cudi chirong | 45

HOAT DONG THUC HANH VA TRAI NGHIEM
Cha dé 1. Mot 50 van dé vé thué

| > CHUONG I1. TOA BO CUA VECTO TRONG KHONG GIAN ﬂ

51. Vecto va cae phép toin vecto trong khéng gian 56
§2. Toa 4§ cia vecto &5
§3, Biéu thirc toa d{ cia cic phép toin vecto T4
Bai tip cudi chiromg I1 82

CHUONG Il S0 PAC THE PO MUC BO P TAN

CHO MAU SO UIEU GHEP NHOM
§1. Khoang bién thién, khoang tir phiin vi cia miu s6 liéu ghép nhom a4
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UNG DUNG BDAO HAM
PE KHAO SATVAVE PO THI
CUAHAM SO

Trong chuong nay, ching ta sé tim hiéu nhitng ndi dung sau:
tinh don diéu cia ham s6; gia tri Ién nhat, gia trj nhd nhat cua
ham s&; duéng tiém can cua do thi ham sé&; khao sat su bién
thién va vé dé thj cla ham so.

S1 ' TiINH PON PIEU CUA HAM SO

Vi
. e i 40000004 -
Mot doanh nghiép dv kién lgn nhudén
khi san xuat x san pham (0 < x < 300)
duoc cho béi ham so V= — ¥+ 300x°
(don vi: dﬁng} va duge minh hoa bé:'mg . -
0 200 300 X

dé thi & Hinh 1 Hinh |

» % bl
Su thay déi Igi nhudin theo s6 sdn pham sdn xudt ra va
déu ciia dao ham y' cé moi lién hé vai nhau nhit thé nao?

I. NHAN BIET TiNH DON DIEU CUA HAM SO
BANG DAU CUA PAO HAM

el )
=g 1

a) Néu dinh nghia him s6 dong bién, him s6 nghich bién
trén tip K < R, trong d6 K 1a mét khoang, doan hoiic
niia khoang.

b) Cho him s6 v = f(x) = x° ¢6 db thi nhu Hinh 2.

« Xiic di;r:nh khoing dong bién, khodng nghich bién clia = 3 = | ) 3 .
ham so6 do.
* Xét diu ctia dao ham f'(x) = 2x. Hinh 2
5
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» Néu mdi lién hé giila sy ddng bién, nghich bién clia ham s f(x) = x* va diu cla dao
hiam f'(x) = 2x trén mdi khodng (- o0 2 0), (01 + %),

« Hoan thinh bing bién thién sau:

X - 0 +
f'x) 0 5 T -

s \ /

Trong tniding hop téng quit, ta ¢ dinh Ii sau:

IChn ham sd v = f(x) ¢6 dao him trén tip K < R, rong dé K 14 mdt khodng, doan

hodc nia khodng.
» NEu f'(x)> 0 vdi moi x thude K thi ham s6 f(x) déng bién trén K.
« N&u f'(x) < 0 vdi moi x thude K thi ham so f(x) nghich bién trén K.

Chii ¥: Néu ham s6 y = f(x) ddng bién trén tip K hoidc nghich bién trén tip K thi ham s&
v = flx) con dugie goi 1a don diéu trén tip K = E.

Vidu 1 = Xét diu y' roi tim khodng dong bién, nghich bién cta ham so

V== 11‘3 + 4xr+ 3. )
] v F 4 b
Gidi 1 Xét dau ¥ rdi tim khodng

« Ham s6 di cho ¢6 tip xdc dinh 1a . ddng bién, nghich bién cha
ham sd
sTaco: y'=—-4x+4; )
y=0e-4x+4=0x=1. J’=E.tj-212+.r-l.

Ta ¢6 bing xét ddu cia y' nhu sau:

X - 1 +o

. y & v = |
;h"i:'i}’ ham ﬁ.dﬁng bién trén khoang (= @ ; 1); nghich biéfl'.l trén khodng (1 ; + o).
Vidu 2 | Tim céc khodng don diéu clia ham s&
y=x' =37 -9x + 1.

6
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Gricii

« Ham 56 83 cho c6 thp xic dinh 1A R, i Tins o kholag <o S
cta ham sd
-Tucé:}r=3.r2rﬁr*9: :,;:.f‘-ple—},

V=03 -6r-9=0cx=-1 holicx=3.

Bing bién thién cla hiim s6 nhu sau:

x |—-m -1 3 +oo
y' + 0 - 0 +
6 + o0
; /' \ /'
oo - 26

Viy hiim s6 dong bién trén moi khodng (— oe; — 1) v (3 ; + «0); nghich bién trén khodng
(—1:;3).

2
a) Xdc dinh tinh ddng bién, nghich bién ctia him s6 f(x) = .
b) Xét dilu ciia dao haim f'(x) = 3x°.

¢) Phudng trinh f'(x) =0 ¢6 bao nhiéu nghiém?

Trong truting hdp téng quat, ta ¢6 dinh 1i sau:

I Cho hiim sd v = f(x) c6 dao ham trén tip K < R, trong d6 K 1 mdt khodng, doan

hoiic nita khodng. Néu f'(x) = 0 (hoiic f'(x) < 0) véi moi x thudc K va f'(x)=0
chi tai mot s6 hitu han diém cta K thi ham s6 f(x) ddng bién (hodc nghich bién)
trén K.

Vidu3 | Tim cdc khoing don diéu ciia him s y = -ér1+.12-x+ 3.

« Ham s da cho 6 tip xdc dinh 1a R, 8 Chiing minh tiing him 3
sTach: y'=-2+2x-1=-(x-1)% y=+/x>+1 nghich bién trén
1 oo = niia khodng (— e ; 0] va ding
y'sO0véimgixe Rvay'=0&x=1 bién trén nita khodng [0 ; + o0).

7
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Béng bién thién cta him s6 nhu sau:

o —oo 1 +

+ oo
}1 \
— o0

Viy ham s& nghich bién trén &.

il

X +4

Vidu4 = Tim cic khoang don diéu cia ham sd y =
,

it
« Ham sd di cho ¢6 tip xdc dinh 1a B\ {0}.

x> =4

= Tach: y' = viixz(;

X
yr;ﬂﬁf—4=n'ﬂ'x=—2hﬂacx=2+

Béng bién thién cia him so nhu sau:

4 Tim cic khoing don digu
- - 0 * ciia ham si
+ o + @ h_l.

WaNN P

Viy him s6 dong bién trén moi khodng (— oo ; — 2) va (2 ; + «): nghich bién trén méi
khodng (=2 ; 0) va (0 ; 2).

Nhan xét
DEé xét tinh dong bién, nghich bién ctia hiim s y = f(x), ta ¢6 thé thuc hién cdc budc sau:
Butde 1. Tim tip xic dinh ctia ham sé y = f(x).

Butde 2. Tinh dao ham f'(x). Tim céc diém x(i=1,2, ... n) matai dé ham s0 ¢6 dao ham
biing 0 hoidic khong ton tai.

Bude 3. Sip x€p cdc diém x, theo thi tf ting din va 13p bing bién thién.
Butie 4. Ciin i viio bang bién thién, néu két luin vé cdc khodng ddng bién, nghich bién
clia ham sb.
B
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Il. DIEM CUC TRI, GIA TRl CUC TRI CUA HAM s
%P Dua vio dd thi ham s y = f(x) = —x* = 3x* + 3 & Hinh 3. hdy so sinh:
a) f(~ 2) véi mdi gid tri f(x), §d6x e (=3 ;- 1) va
Xx#=2;
b) £(0) véi mdi gid tri flx), ddéx e (= 1; 1) vix=0.
Nhiin xét
D6i véi ham sd y = f(x) = —x° — 327 + 3, ta thiy:
 Ton tai khodng (= 3 ; = 1) chda diém — 2 sao cho
fiXy>f(-2)vBimoixe (—3; -1 vax=-2.
Ta néi x = — 2 1a diém cye tiéu cha ham sd; f(= 2) 1a
gid trj cue tidu cia hiim so.
« Tén tai khodng (- 1 ; 1) chia diém 0 sao cho
f)y<fi)véimoixe (—1;1)vax0.
Ta néi x = 0 14 diém cue dai cha him s6: £(0) 1a
gid tri cuc dai chia him s6.

Hinh 3

Trong truting hdp tong quét, ta ¢6 dinh nghia sau:

%

Cho ham sd v = f(x) lién tuc trén tip K = &, trong d6 K 1a mdt khodng, doan hoic

nifa khoang vax, € K, x, € K.

* x, dugde goi 1a mot diém cye dai cha him s6 da cho néu ton tai mot khodng (a ; b)
chda diém x sao cho (a ; b) € K va f(x) < f(x,) v6i moi x € (a; b) vax=x,.
Khi d6. f(x,) duge goi 1a gid trj cutc dai cia ham 53 da cho, kf hiéu 14 £,

» x, dugc goi 1a mét diém cuee tiéu ctia hiam s6 da cho néu ton tai mot khodng (¢ ; d)
chita diém x, sa0 cho (¢ d) c K vaflx) > flx) véimoix € (c:d) vix#x,.

Khi d6, f(x,) dudc goi 1A gid tri cuc tidu clia ham s& da cho, ki higu 1 £

» Diém cuc dai vi diém cuc tiéu duge goi chung la diém cue tri. Gid tri cuc dai va

£id tri cuc tiéu dude goi chung 1a gid tri cue tri (hay cue tri).

Chii ¥
Néu x, la mot diém cye trj ciia ham s6 y = f(x) thi ngui ta n6i riing ham s6 y = f(x) dat
cuc trj tai diém x. Khi d6, diém M (x5 f(x,)) dudc goi la di€m cc tri cia do thi ham s&
y=f(x).

Q
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Vidu5 | Dua vio dd thi him s6 y = f(x) = — x* + 3x & Hinh 4, hily chi ra cic diém

cue tri cia ham so do.

Gidi

« Xét khodng (-3 ; 0) chifa diém x = — 1, Quan sét
dd thi ciia ham sd y = f(x) = — x° + 3x & Hinh 4,
ta thly: f(x) > f(— 1) vdi moi x € [—J?::ﬂ} vax#-—1.

Viy x = — | 1a diém cuc tiéu cia him 8 y = f(x).

» Xét khodng (0 J}T} chia diém x = 1. Quan s:it
db thi ctia ham sd v = f(x) = — 2 + 3x & Hinh 4,
ta thify: f(x) < f(1) v6i moi x € (07 3) vix= 1.

Viy x = 1 la diém cuc dai ctia ham sé y = f(x).

(o]

Hinh 4

Quan sdt cdic bang bi€n thién dudi day va cho biét:

a) x, ¢6 1a diém cyc dai cha ham s6 f(x) hay khong:

b) x, 6 la diém cyfe ti€u cta ham s6 h(x) hay khong.

X |a x b X

f'(x) i N h'(x)

flx,)
f) / \ h(x)

Trong truding hdp tOng quit, ta cé dinh 1i sau:

Gid sit him 58 y = f(x) lién tue trén khodng (a ; b) chita diém x, va ¢6 dao ham trén

ciic khoang (a ; x,) vil (xy3 b). Khi do

a) Néu f'(x) < 0 vdi moi x € (a : x) va f'(x)> 0 vdi moi x € (x, ; b) thi ham s6 f(x)

dat cyc ticu tai diém x .

b) Néu f'(x) >0 vdi moix € (a ) va f'(x)< 0 véimoix € (x,: b) thi ham sb f(x)

dat cyc dai tai diém x,,

10
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Vidy 6 @ Tim diém cyc tri cha ham sd
y=x -3 -9+ 11,
Gidi
« Ham sd da cho c6 tip xdc dinh 12 K.
« Tacé: y'=3x" —6x - 9;
y=03-6x-9=0&x=~1holic x=3.
Bing bién thién cta hiim s6 nhu sau:

X |- -1 3 + @
V' + 0 — 0 +
16 + o0
— o0 - 16
Viy ham s0 dat cuc dai tai x =— 1 va dat cuc tiéu tai x= 3.
Vidu7 Tunﬁié"mtucuicﬁahﬁmsﬁy=ﬂ.
x+1
Gridi
+ Ham s0 di cho o6 tip xdc dinh la B\ {=1].
-Tac::ﬁ:}"z'q viix=-1,
(x+1)°
y':ﬂtbf+21=i}c:b.r=—’lhoﬁcx=ﬂ.
Béng bién thién ctia ham s& nhu sau: -
x |- -2 =i 0 + o 7

5 Tim diém cyc tri cha moi
y' " 0 o B him sd sau:

+ o0 +on| a@y=a'—6+8x+1;
\ / h”=3x+5.
| .I—I

Viy ham s dat cye dai tai x = — 2 va dat cyc tiéu tai x = 0.
Nhan xér: D& tim diém cye tri ciia ham s6 f(x), ta ¢6 thé thuc hién cdc bude sau:
Buede 1. Tim tdp xde dinh ciha ham s6 Jix).
Bude 2. Tinh dgo ham f'(x). Tim cdc diém x, (i = 1, 2, ..., n) ma tai 6 ham 56 ¢6 dao
ham biing 0 hoiic khong tdn tai.

X
/

— Q0 — @0

11
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Bucc 3. Sdp x€p cdc diém x, theo thi ty ting din va 13p bing bién thién.

Bude 4. Cin e vao bang bién thién, néu két luin vé cdc diém cuc tri cia hiam sé.

Vidu & & Maing trugt ctia mot
ciu trugt cho tré em (Hinh 5a)
dude udn tit mot tim kim loai
¢6 bé rong 80 cm, mit cit dude
mé ti & Hinh 5b. Nha thiét k&
khuyén cdo, dién tich cia mit
cit cang ldn thi cing ddm bao
an todn cho tré em. Hinh 5

a) Goi § la dién tich mét cit. Tim diéu kién cha x vi viét cong thic tinh S theo x.
b) Vdi x dat gid tri bing bao nhiéu thi ciu trudt dam bio an toan nhit cho tré em?
Gidi
a) Do tdm kim loai c6 bé rong 80 cm nén ta c6: 2x + y = 80 <> y =80 - 2,
DE c6 thé thiét k& dudc méng trugt thi y>0 < 80 - x>0 <> x < 40. Suy ra0 < x < 40.
Dién tich ctia mit cit médng trugt 13: § = xv = x(80 — 2x) = — 2x” + 80x.
b) Ta c6; S(x) = — 2x° + 80x vdi x e (0 : 40);
S'(x)=—4x+ 80;
S'(x)=0&-4x+80=0x=20,

Bing bién thién ctia him s S(x) nhu sau:

X 0 20 40
5'(x) + 0 -

() / \
0 0

Do d6, hiam s0 S(x) dat cyec dai tai x = 20 va Sm = 800,

Viily dé ciiu trigt dim bao an toan nhit cho tré em thi x = 20 (cm).

12
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B saiTap

1. Cho ham s& v = f(x) ¢6 bing bién thién nhu sau:

X |—-m -1

f'(x) +

flx)

—o0 |

Ham s6 di cho ddng bién trén khodng nio dudi diy?

A.(1;+w). B.(~1;0). C=E. D.

2. Cho ham sé y = f(x) ¢6 bang bién thién nhu sau:

(0;1).

X =

oo

f'(x)

fix)

Gid tri cyc tidu ciia ham s6 di cho biing:

A. 2. B. 3. C.-4. D.

Tim cdc khodng don diéu cia mbi him s6 sau:

a)y=-x +2¢7-3; b) v=x"— 22 + 5;

N ¥ =2x

d) v

-X x+1

Tim cuc tri ctia moi hiim s& sau:

a) y=2¢ + 3% - 36x - 10: b) y=x*+ 22 - 3;

Poc ban méi nhat trén hoc10.vn
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c) y=x—l.

13
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0.
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Cho hai ham s6 v = f(x), v = g(x) ¢6 d6 thi Lin ligt duge cho & Hinh 6a, Hinh 6b.
Néu khodng dong bién, nghich bién va diém cuc tri ciia mdi ham s6 do.

v &
v A
Y =11x)
|
/\]*
: r| ) i 7 x
i) b)

f!l‘ rl'n'li' ¥}

Thé tich V (ddn vi: centimét khoi) chia | kg nudc tai nhigt d6 7(0 °C € T <30 °C)

dugic tinh bdi cong thiic sau:

F(T)=999.87 - 0,06426T + 0, 008504372 0, 00006797,
(Ngudn: J. Stewart, Caleulus, Seventh Edition, Brooks/Cole, CENGAGE Learning 2012)

Hoi thé tich V (1), 0 °C < T < 30 “C, gidm trong khodng nhiét d6 niao?

Kinh vién vong khong gian Hubble dude
dua vao vii tru ngay 24/4/1990 bing tiu
con thoi Discovery. Vin toc clia tiu con
thoi trong sif ménh nay, tif ltic it cinh tai
théi diém ¢ = 0 (s) cho dén khi tén lia diy
dude phiong di tai thai diém t = 126 (),
cho bdi ham so sau:
v(£)=0,001302¢> — 0,09029¢> + 23,

(v dugic tinh hﬁng ftfs, 1 feet = 0,.3048 m)
(Newdn: J. Stewart, Calculus, Seventh Edition,
Brooks/Cole, CENGAGE Learning 2012).

{(Nguon: hnps:Yenwikipedia.orgdwiki/

Hubble_Space_Telescope)

Hoi gia tde cha thu con thoi sé ting trong khodng théi gian ndo tinh tif thii diém cét
cédnh cho dén khi tén lifa diy dudc phong di?

Ban mau gop v



§2 | GIA TRI LON NHAT VA GIA TRI NHO NHAT
cUA HAM sO

Cho mét tim nhém ¢6 dang hinh vudng canh T %

6 dm. Bdc Anh c¢iit & bon gée bon hinh vudng

ciing ¢6 @6 dai bing x (dm), roi gép tdm nhom Pt
lai nhu Hinh 7 dé duge mot cdi hop cé dang l I v

khéi hop chit nhat khong ¢é nip. Goi V la

PR e Hinh 7
thé tich ciaa khii hop do tinh theo x. e

V- duge tinh theo x boi cong thite nao? Co thé ﬁ* 2
tim gid tri lén nhdt ciia V bdng cdch nao?

I. DINH NGHIA

SEP Cho ham s& y = f(x) lién tue trén doan [ 1; 1] va i
¢6 db thi 1a duding cong & Hinh 8. Quan sét d6 thi vi cho biét:
a) Diém nio thude do thi him s6 ¢6 tung d6 16n nhét:

b) Piém nao thude do thi ham s6 c6 tung dé nho nhét.

Ta ndi: Trén doan |— 1 ; 1], ham sé 'y - fix)

1 "
dat gid tri lén nhdt bdng 3 tai x = 1, dat gid tri 3 @

nho nhdt bdng — 1 tai x = 0.

-

MGt céch tdng quit, ta cé dinh nghia sau: Hinh 8

Cho ham s6 y = f(x) xéc dinh trén tap D.
« SO M dudc goi |2 gid tri lon nhdt cha haim s6 v = f(x) trén D, ki hidu M = mgxf[x}, .
néu f(x) <M v6i moi x € D vi ton tai x, € D sao cho f(x,) = M.
« S0 m dugc goi 14 gid tri nhd nhdt cha hiim s6 v = f(x) trén D, ki hiéu m = mgn fix),
néu f(x) 2 m vdi moi x € D va ton tai x, € D sao cho f(x,) = m.
Chii v: Khi tim gid tri 16n nhét (hodc gid tri nhd nhat) ciia him s& ma khong chi 1o tip D
thi ta tim gid tri Ién nhit (hodic gid tri nho nhit) cia ham s6 d6 trén cd tip xdce djnh cia né.
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Vidu 1 | Tim gid tri I6n nhit vi gid tri nho nhit ctia him &ﬁ'f{x] =1+ trén doan [0 2].

Gidi

Do0<F<4viimoixe[0:2]nénl<1+x<5 51,. Tim gié tri 16n nhit va
vdi moi x € [0 2], tde la 1 £ f(x) £ 5 vdi moi gid tri nho nhit cia ham s6
xe [0:2]). Taco: f(2)=5 nén mgﬁf(x}=5:f{ﬂ}=] f(x)=v9—x" wén doan

nén min f(x)=1. =33
[0:2] .

I1. TiM GIA TRI LON NHAT, GIA TRI NHO NHAT
- = - -
CUA HAM SO BANG DAO HAM

GSP» Chohim i f(x)=x+

l viix> 1.

a) Tinh lim f(x), lim f(x).
=17 X—®+m

b) Lip bing bién thién cta hiim s f(x) trén khodng (1 ; + =).
¢) Tim gid tri 16n nhat va gid tri nhd nhat (néu c6) cta ham sd f(x) trén khodng (1 ; + =),

%

Dé tim gid tri 16n nhéi, gid tri nho nhit clia him s& f(x) rén mot khodng, doan hay
nita khodng, ta ¢ thé ldp bang bién thién cia ham s6 wén tdp hdp d6. Cin cif vio
bang bién thién, ta tim dudge gid tri 16n nhit va gid tri nho nhét (néu ¢6) clia hiim s6.

2 +9

Vidu2 | Tim gid tri 16n nhit va gid tri nho nhél (néu ¢6) cia him s f(x) =
trén khoang (0 ; + =),
Gidi
« Xét ham s6 f(x) =

-9
2
X

x2+9

vidix e (0; + o).

« Taco: f'(x)=

LKhi do, fi{x)=0<x=3(dox>0).
Ngoaira lim f(x)=+o, lim f(x)=+x.
r—=0" X —p4m

Béng bién thién ctia ham s& nhu sau:

x 0 3 + oo -
, : 2 Tim gid tri 16n nhit va
fx) s s * gif trj nhd nhit (néu c6) clia
e ; © hhmsﬂ’y=21-15 trén nifa
x_
J(x) \6/ khodng (1 ; 3].

16
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Ciin cit bang bién thién, ta cé: mmf[_r] 6 tai x = 3 va ham s6 f(x) khong c6 gid tri
16n nhit. Rt

@ &P Cho him sGy=f(x)=2¢ - 6x,x e [-2:2]

c6 do thi 1a duding cong & Hinh 9.

a) Duya vio d6 thi & Hinh 9, hiy cho biét cdc gid tri
M= max _f(:rj,, m -[mm f(x) bing bao nhiéu,

I ".'

o |

b) Giai phudng trinh f'(x)=0véixe (-2;2). H
¢) Tinh céic gid i cha ham s& f(x) tai hai dau mat :
- 2:2 vitai cdc diém x € (= 2 ; 2) ma & d6
f'(x)=0. _
d) So siinh M (hodc m) vdi s& 1dn nhit (hodc so bé oaes
nhit) trong cdc gid tri tinh dudc & ciu c. Hinh 9

Nhdn xér: Ngum ta chimg minh dwogc rﬁng: Moi ham s6 lién tuc trén mot doan déu co
gia tri nho nhit va gia tri 16m nhat trén doan do.

Gia sir ham s6 f(x) lién tue trén doan [a ; b] va c6 dao ham trén khoang (a ; b), c6 thé tnr
mét s6 hiru han diém. Néu £'(x)=0 chi tai mét s6 hiru han diém thudc khoang (a; b) thi ta
O quy tic tim gid tr lén nhét va gia tr nho nhét cua ham so f(x) trén doan [a ; 5] nhur sau:

Buede 1. Tim cdc diém X Xy, .y X, thuge khodng (a ; b) ma tai d6 ham 56 co dao ham
biing 0 hodc khong ton tai.

Butdie 2. Tinh f(x)), f(x,), ... fx,), f(@) va f(b).
Bude 3. So sdnh cdc gid tri tim dude & Bude 2.

$a 1dn nhét trong cdc gid tri d6 1a gid tri 16n nhit cia ham sd f(x) trén doan [a ; b],
s0 nho nhét trong cdc gid tri d6 13 gid tri nho nhét ctia ham s6 f(x) trén doan [a ; b].

Vidu3 & Tim gid tri I6n nhét va gid tri nho nhit cia méi him s6 sau:

3
a) f(x) ="‘?-2x1 +3x+1 trén doan [- 3 ; 2]

B e, i s 2 4T,
X

17
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Gidi Cpm
' _ 9 e ¥ K - 2 z
8)eTach fia)=x"—dr+ 3. Khi d6, ren Khodng | o)

(=332), fi(x)=0khix=1. gid tri nhd nhit ciia him s6
f(1) = Ef( 3)=_35, f(Z]—E. fix)=sin2x—2x trén doan
A 3 n 3
7 [—;—“].
Viy n‘:ax _.I"'{Jr]=43— taix=1, 2 2
|- 3:2]

|":i~]]’|ﬂﬂ=“35 tai x == 3.

D)« Taco: g'(x)= l—lznx. Khi do, trén khodng (1 ; 4), g'(x)=0khix =e.
X
1 In4 In2
+8(1)=0, g(e) =, gay = 114 102,
ge)=_ 8=z

Lo . .
Viy max g(x)=—tai x=¢, min g(x)=0tai x= 1.
y[l;dlg e [I:d',]gI

Vidu4 | Vi bai todn md ddu, tim x (dm) d& khéi hop tao thanh ¢6 thé tich 16n nhat.
Gidi
Ta thily dé dai x (dm) ctia canh hinh vuéng bi ciit phii thod min diéu kién 0 < x < 3.
Thé tich ctia khéi hip 1 V(x) = x(6 — 2x)° véi 0 <x < 3,
Ta phai tim x, € (05 3) sao cho V(x ) cé gid tri 16n nhit.
Ta c6: V'(x) = (6 — 2x)% — 4x(6 — 2x)

= (6 — 2x)(6— 6x) = 12(3 =x)(1 —x).

Trén khoidng (0 ; 3), V'(x)=0khix= 1.
Bang bién thién ciia ham s& V(x) nhu sau:

5 o 0 | 3
V'(x) + 0 =
16
Vix) / \
}] §]

Ciin cit bing bién thién, ta thiy: Trén khodng (0 : 3), hiim s& V(x) dat gid tri 16n nhil
bing 16 tai x=1.

Viy dé khoi hop tao thanh ¢6 thé tich 16n nhit thi x = 1 (dm).
18
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Vidu 5 Trong mdt thi nghiém y hoc, ngudi ta ciy 1 000 vi khudn viio mdi truding dinh
dudng. Biing thyc nghiém, ngudi ta xdc dinh dude s6 lugng vi khudn thay doi theo thii gian
bdi cong thic:

1001

00+t

Nin=1 ﬂﬂﬂ+] {con),

trong d6 1 la thdi gian tinh bing gidy (Ngudn: R. Larson and B. Edwards, Calculus 10e, Cengage
2014). Tinh s& lugng vi khuidn 16n nhat ké tit khi thue hién cdy vi khudn vao moi
triiding dinh dudng.

Cricii

100¢

Xét him s& N(1)=1 000+ T (1>0).

100+ ¢

100. (100+1°)—100¢ . 2¢ 100 (100 %)

Tacé: N'(D)=
(100 + %) (100412

Khi d6, vi >0, N'0)=0 100- =0~ =100 1= 10.
Bing bién thién cia hiim s6 N(f) nhu sau:

i o 10 ‘oo
N'(1) " 0 - \
| 1 005 Y|
N(1) |
1 000 1000

Ciin cid bing bién thién, ta thiy: Trén khoing (0 ; + =), hiim s6 N(r) dat gid tri 16n nhét
biing 1 005 tai t = 10.

Viy s8 ldgng vi khudn 16n nhét k€ tit khi thuc hién cdly vi khuin vio mdi tridng dinh
dudng la 1 005 con.

|
1. Néu him sé v = f(x) c6 dao him trén R thoa min f'(x)=sinx-2 023, ¥x € R thi

gid tri 1dn nhit cia ham s& y = f(x) trén doan [1 ; 2] bing:
A. f(0). B. f(1). C. f(1.5). D. f(2).

19
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2. Tim gid tri 16n nhil cia mbi ham s6 sau:

a) flx) =L2: b) fix) =x—i trén nifa khodang (0 ; 3].
1+ x x

3. Tim gid tri nho nhit cha méi him s6 sau:

a) f[x}:x+% trén khodng (0 +o0): b) f{x}:r‘- 12x + 1 trén khodng (1 ; + o0).
4. Tim gid tri 16n nhat va gid tri nhd nhit cia moi ham s& sau:

a) f(x)= X —%.L‘: trén doan [—- 1 ; 2];

b) f(x)=x*—2x* +x* +1 trén doan [~ 1 ; 1];

¢) fix)=e" (x> = 5x + 7) trén doan [0 ; 3];

d) f(x)=cos2x+2x+1 trén doan [‘2—" n}

L

Trong 5 gidy diu tién, mdt chat diém chuyén dong theo phudng trinh

_'i'l:.l‘:l=—f‘3+ﬁ|’:+.*+5.
trong d6 ¢ tinh bing gidy vi s tinh bing mét. Chit diém c6 vin toc tic thai 16n nhat
biing bao nhiéu trong 5 gifly diu tién d6?
6. Ngudi tabom xiing vio binh xfing cia mdt xe 6 6. Biét ring thé tich V (lit) clia lugng
xing trong binh xing tinh theo théi gian bom xing ¢ (phiit) dude cho bdi cong thiic

Vi) =300(F =) +4 véi0 <1< 0,5,
(Neuon: R0 Charfes et al., Algebra 2, Pearson)

a) Ban diu trong binh xing ¢6 bao nhiéu 1it xing?

b) Sau khi bom 30 gidy thi binh xing ddy. Hoi dung tich ciia binh xéng trong xe li bao
nhiéu lit?
¢) Khi xiing chiy vao binh xiing, goi V'(£) la tde d ting thé tich tai thii diém 7 véi
0 <r<0,5. Xing chiy vio binh xiing ¢ thdi diém nio c6 tdc d6 ting thé tich 12 16n nhat?
7. Ho ép khi quén co lai, anh hudng dén t6c dé cta khong khi di vio khi quan. Téc do
cha khong khi di viio khi quan khi ho dude cho bdi cong thic
V=k(R-rrvéi0<r<R,

trong d6 k 14 hiing s6, R 14 bdn kinh binh thuding ctia khi quan, r 14 bdn kinh khi quin
khi ho (Newdn: B. Larson and B. Edwards, Caleulus [0, Cengage 2014). Hoi bin kinh cia
khi quéin khi ho biing bao nhiéu thi tdc d6 ctia khong khi di viio khi quén 13 16n nhat?

20
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§3  DUONG TIEM CAN CUA PO THI HAM $6

S6 diin ctia mdt thi trin sau x ndm k& tit nim 1970 Ay | -
duigic udc tinh bdi cong thic

26x+10
+5
(f(x) dugc tinh bing nghin ngudi) (Neudn: Gidi tich 12
Néng cao, NXBGD Viét Nam, 2020). Xem v = f(x) la
mot hiim s& xdc dinh trén nita khodng [0 ; + o),
dd thi cta ham s6 d6 13 duding cong mau xanh & Hink 10
Hinh 10,

y=flx)=

e

L=
-

Khi x — + oo, dé thi ham 58 y = f(x) ngay cang o
“tiéh gdn" 10i ditimg thing ndo? &

Al i g

- -

I. DUGNG TIEM CAN NGANG

PP Xétham sy = f(x) = 26+ 10EES x « (0 + o) i db the/1a dudng cong
X+
Hinh 10 trong bai todn md ddu. Tim lim f(x).
X =ptan

Putimg thdng v = 26 goi la duimg tiém cdn ngang ctia db thi _g_

26x+10
5

ham sé'y = f(x) = vdi x € [0 +x). <

Trong truting hdp tong qudt, ta ¢6 dinh nghia sau:

I Budng thiing y = y, dudc goi 1a diomg tiém cdn ngang (hay tiém cgn ngang)

clia 0 thi ham s6 y = f(x) néu: lim f(x)=y, hodic lim f(x)=y,.
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Nhén xér: Gia sit dudng thing vy = ¥ 12 tiém cin ngang cha do thi ham s6 y = f(x). Liy
diém M(x ; v) thude dd thi ham s6. Goi MH 1a khoang céch tit diém M dén dudng thing
y = ¥, Khi do, do dai MH tién t6i 0 khi x — +  (Hinh [1a) hay x — — = (Hinh 1 1b),

Vi Y
Wiy H ¥ =% o ﬂ'” M /\
) : : ; Y=Y
Y =X 3
| — M H ¥a
I \ E!/ T 7] x
a) b)
Hinh 11
' wr oy A ] B - - 2..-'( = ]
idul & Tim tiém cdn ngang cua do thi ham s6 y = f(x)= 5
X+
Gridli

Ham s6 da cho c6 tap xdc dinh 1a R\ {-2}.

Taco: lim f(x)= lim 251 =
T—pdan x—yphon x4 2 Vﬂ :
- Tim tiém cin ngang clia
fim Flxy e = L=, . . S
e i S d6 thi ham s6 y= +1
3 a » 2 - X
Viy dudng thang v = 2 la tiém ciin ngang coa do thi -
hiim sé da cho.
I. PUONG TIEM CAN PUNG #
@ F» Cho hﬁmssyzf(x)=l ¢6 db thi 1
X
duding cong nhu Hinh 12. = -
X

Tim lim f(x). lim f(x)
0% 2 =0

&3

22

DPuémg thing x = 0 goi la diimg tiém cén diing
ciia do thi him s v = f(x) = l
X
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Trong truting hdp tong quat, ta ¢é dinh nghia sau:

I Buding thing x = x_dudc goi 1a dieomg tiém cdn ditne (hay tiém can diing) cia dd thi
g g 0 i gi g B g S( J‘I F . lg.] .

hitm s& y = f(x) néu it nhilt mét trong cdc diéu kién sau dudc thoi min:
lim f(x)=+oc; lim f(x)=—oo 1in1+f[.r} = +00; lim+f{x] =—a0,
.r—)-xtl' X=X, X=X, =1y,
Mhdn xer: Gia st dudng Ihﬁng x = x;; la tiém cfn ding cuia dd thi hiim s v = f(x). Lay
diém M(x ; y) thude dd thi ham s&. Goi MH la khoang cich tif diém M dén dudng thing
x = x,,. Khi d6, do dai MH tién tdi 0 khix — xq (Hinh 13b, dyhay x — x, (Hinh 13a, c).

Y Vi
.1" = ..ﬂ-r} M i f.f
e i B i 0 Tl;'---
i
i) h)
VA & S
¥ i
] W
7 % X 0 Y, -
¥ =[x

o)
Hinf {13

Vidu2 | Gidi thich vi sao duding thing x = 1 la ,
3x-2, 2 Tim tiém cin diing cla

2
a8 thi bam 58 y== +i‘.
=

tiém cin ding ctia 4 thi ham s6 y = f(x)=

Gidi
Ham s6 di cho c6 tip xdc dinh la R\ {1].
Vi lim_f(x) =+ nén dudng thing x = 1 la tiém ciin diing ctia dd thi hiim s6 di cho.

x—l

23
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o e 1
Fidu 3 © Tim tiém cin ding vi tiém cin ngang cta do thi him ] y=f(x)= I—+2

Criii

Ham s6 dd cho ¢6 tap xdc dinh 1a R\ {2).

Ta cd:
« lim f(x)= lim I+]=1_ Vi
X =+ ra+my—2
R T i
X == o0 X —p-0 Y — I
Viy duding thiing v = 1 13 tiém céin ngang ciia dd thi —7 3 =
ham s& di cho.

» lim f(x)= lim i lim []+ij=—m.
x=»2" x=2 x=28 x 2
Hinh 4

Hi fy= tim 4 i o
xr—2* g2t x=2 xa2* x=-2
Viy dudng thing x = 2 1a tiém ciin didng cta A6 thi ham s& da cho.

x+; vil hai duding tiém can dudc cho & Hinh 14.

Chii y: D6 thi ham s8 y = f (x) =

Ill. PUGNG TIEM CAN XIEN
“SEP Cho ham so y=f{x}=x+l+;1_—l ¢

d6 thi 1a (C) va dudng thing y = x + | (Hinh 15).

Tim lim [f(x)—(x+D} iir:_1 fx)=(x+1).

Hinh 15

Putomg thang v = x + | goi la duomg tiém cdn xién

cria do thi ham a‘-:ffy =f(x)=x+1+ L
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Trong truding hdp tong quat, ta ¢é dinh nghia sau:

Puding thing v = ax + b (a = 0) dudc goi 13 duimg ti¢m cdn xién (hay tiém cdn xién)
ctia d6 thi hiim s8 y = f(x) néu:

lim [f(x)=(ax+b)]=0 hodc lim [f(x)—(ax+b)]=0.

X —40n X —F=m

Nhén xér: Gia sit dudng thing y = ax + b (@ # 0) 1 tiém ciin xién ciia 46 thi him sd y = f(x).
Liy diém M thudc db thi hiam s& v = f(x) va diém N thude duding thing v = ax + b 6 ciing
hoanh dé x. Khi dé, do dai MN tién tdi 0 khi x = + = (Hinh 16a) hay x = — oo (Hinh 16b).

Vi Ya

¥ = f{x) 3 %
N ¥ = M W'lj
= i 0 ' :

i) b)
Hinh 16

Vidu 4 | Chiing minh riing dromg thing v = 2v — 1 |2 tiém ¢in xién ctia dd thi ham s&

y= f(x)=2x-1-—

241 ,i -
Gidi @ Ching minh ring dudng
thing y = — x 1a tiém cn xién
Do lim [f(x)-(2x-1)]= lim 3 ={) ciia d6 thi ham sa
I+ e | 3
3 : -x"—2x+3
nén duding thing v = 2x — 1 1a tiém cin xién y=f(x) e

cia &6 thi ham s& da cho.
Chii ¥: D xic dinh hé s6 a, b clia duding tiém cin xién v = ax + b clia d6 thi him s6
v= f(x), ta c6 thé 4p dung cong thic sau:

f(x) fx)

a= lim ~—— va b= lim [f(x)-ax] holic a= lim ~—— vi b= lim [f(x)-ax].
X—+m X X —4+em X—-= X X——o

(Khi a = 0 thi ta cé tiém cin ngang y = b).
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2
Vidu3 & Tim tiém cén xién cia do thi ham s6 y = f(x) = X Ak

x=2
it E”v
2 x : i
Ta ol a= Tl f{x}= im X +3x=| il'l'imtlimcﬁnxléncﬁadﬁ
T+ X =+ x{x=2) U'I]hémSD
2
x—3x+2
sid= T =i Ha - =8, VRIS
] L=+ y—2

Viy duting thing y = x + 5 la tiém cin xién cta db thi him s& di cho (khi x — +e0).

Tudng wi, do lim M =1 va lim [f(x)-x]=35 nén dudng thing y = x + 5 ciing li

xT—3-= X R
tiém cfin xién clia d6 thi ham s8 di cho (khi x = = =).
Vidu 6 & Mot bé chida 5 000 lit mude tinh khiét. Ngudi ta bom vio bé d6 nude mudi cod
nong d6 30 gam mudi cho mbi lit nudc vdi tde do 25 livphit.
a) Chiing t6 ndng dd mudi trong bé sau r phuit (tinh bing ti 6 ctia khéi lugng mudi trong

bé vi thé tich midc trong bé, don vi: gam/lit) 1a f(1) = ZE‘::[I]:- :

b) Xem v= f(r) Ia mdt hivm s8 xdc dinh trén nita khodng [0 ; + o0), hily tim tiém cin ngang
clia d6 thi ham s6 do.

¢) Néu nhin xét vé nong dd mudi trong bé sau thdi gian r ngay cang 1dn.

Cricti

a) Sau ¢ phit, ta c6: khoi lugng mudi trong bé 1a 25 . 30 . r = 750¢ (gam); thé tich cha
Itdng nude trong bé 1a 5 000 + 25¢ (lit). Viy ndng d6 mudi sau ¢ phit 1a
£l = 7500 301

- = ——— (gam/lit).
5000+25t 200+t

b) Ta co:

lim f(¢)= lim —o" |
f—t o r—=m 2004 1 yv=130

30
= lim [33— ol J=3ﬂ.
1—+m 200+ ¢

Viy duding thing v = 30 1a tiém ciin ngang
ctia db thi hiim s6 (1) (Hinh 17).

¢) T;{ ¢6 dd thi him s8 v = f(f) nhin duding 5 >
thiing ¥ = 30 lam tuém cin ngang, tic la Hinh 17
khi t cing 16n thi ndng dd mudi trong bé s tién gin dén mic 30 (gam/lit). Lic d6, ndng dd
mudi trong bé s& gin nhu biing ndng d6 mudi trong nudc mudi dude bom vio bé.
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B Bai Tap

; " . x+2
1. Tiém cin ding cta do thi him s6 y= ]13:
x+
Ax=-1. B.x=-2. C.x=1. D.x=2.
2
2. Tiém cén xién ciia db thi ham s6 y =X *3X+ 3
x+2
Avyv=x B.y=x+1. C.y=x+2. D.y=x+3.

3. D& thi ham s& & Hinh 18a, Hinh 18b déu ¢6 dudng tiém cin ngang 12 duding thing
mau doé. Hoi dé 1a db thi ciia hiim s nio trong cdc ham sd sau?

Vi Vi

I

_wﬁ X -

(B )

=)

b
=y

fed] b)
Hinh 18

¥ +2x—1
)y

=2x2+.x+l. ) 2x? -2

b) ¥

241 -1 W i-""3
4. Tim tiém ciin diing, tiém cfin ngang, tiém céin xién (néu c6) cta dd thi mdi ham s6 sau:

2 |
a) y= 5 ' b}y=h—3m.- c) }-‘ZI—3+—’;
2—x x-1 g

i

S6 ludng sdn phim bin dude cia mot cong ty trong x (thing) dude tinh theo cong

thiic S(x) =2ﬂﬁ[5- .
24x

} trong do x 2 1 (Ngudn: R. Larson and B. Edwards, Calculus 10e,
Cengage 2014).

a) Xem v = S(x) Ii mdt hiim s6 xdc dinh trén nia khodng [1 ; + o0), hdy tim tiém ciin
ngang cia do thi hiim sé dé.

b) Néu nhéiin xét vé 6 lugng san phim ban duge cha cdng ty d6 trong x (thing) khi
x da 1dn.
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§4 | KHAO SAT sy BIEN THIEN
VA VE DO THI CUA HAM sO

Trong 20 phit theo ddi, htu lugng nudc cia
mot con song dude tinh theo cong thic

o) = —%ﬁ +562 +100,

trong d6 Q tinh theo m*/phuit, t tinh theo phuit,
0 < ¢ £ 20 (Newdn: A. Bigalke et al.. Mathematik, W= ]

Grundkurs ma-1, Cornelsen 2016). Khi luu lugng —

nudc cua con song 1én dén 550 mjll"[lhl.'ll thi (Ngudn: https://shutterstock.com)
canh bdo 10 dudce dua ra.

2

Trong thti gian theo ddi, luu ltong nitde clia con séng ldn nhdt
léi bao nhiéu? Canh bdo lii ditge dita ra vao thai diém nao?

. SO DO KHAO SAT HAM $O
Lip bing bién thién va v& 4 thi cia him 6 y = ¥ = 2x - 3,

Trong trudng hgp tong qudt, dé khao sit va vé db thi ham sé, ta ¢6 thé thuc hién cdc
buidc sau:

Buede 1. Tim tip xdc dinh ciia hiim s6.
Bude 2. Xét su bién thién ciia ham s6

« Tim céc gidi han tai vo cue, gidi han vo cuc vi tim tiém cin (néu cd).

« Tinh dao him y' va tim cdc diém mi tai d6 dao hiim béng 0.

« Lip bang bién thién;: xdc dinh chiéu bién thién, cuc tri clia hiim s6 (néu ¢d).
Butde 3. Vé do thi him sé

+ V& cdc dudng tiém cdin (néu c6).

« Xdc dinh cdc diém diic biét cia d6 thi: cuc tri, giao diém ciia d6 thi véi cic

truc toa dd (trong trudng hop ddn gidn), ...
« Nhiin xét vé diic di€ém clia do thi: chi ra tim d6i xing, truc doi xing (néu c6).
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Clui v: Do thi him s8 y = f(x) giao vdi truc hodnh tai nhiing diém cé hoinh dé 1a nghiém
ctia phudng trinh f(x) = 0, giao vdi truc tung tai diém c6 tung d6 12 £(0) néu 0 thude
tip xdc dinh cia ham s do.

Vidul @ Khao st su bién thién v vé db thi cia him s y = - 3% + 4.

Gidi

1) Tap xéc dinh: R.

2) St bién thién

« Gidi han tai vo cuc: ‘_]_i’nfwy =40, rl_i'm# y =—co,
oy =3¢ - 6x;

y=0ei-tk=0x=0hojcx=2.
« Bang bién thién:

X |- 0 2 + @
¥ + 0 - +
4 + oo
y
— 0 0
Ham s& ddng bién trén mdi khoang (— oo ; 0) vi (2 ; + o0), nghich bién trén khoang (0 ; 2).
Hiim s6 dat cuc dai tai x= 0, Yen =4: hiim s6 dat cuic tiéu A
tai x =2, y..=0.
3) Pé thi
= Giao diém cia db thi véi truc tung; (0 ; 4), Al N
» Giao diém cna db thi véi truc hoanh: i
Xét phﬂﬁngtﬁnhf—3f+4=ﬂ-:::v{x+ Ix—2)Y =0 "
e x=—1hoicx=2. _Il BB x
Viy @0 thi ham s6 giao vdi truc hoanh tai hai diém Hinh 19

(-1:0)va(2:0) \;y
X . L L1 Khio sdt sy bién thién va
» D6 thi ham s6 di qua cdc diém (- 1:0),(2:0), (0:4) 545 thi ciia ham s&

va(l;2). i x=1
Viiy db thi ham s8 v = x" - 3x° + 4 dwoc cho & Hinh 19. A+l
Quan sit d6 thi & Hinh 19, ta thiy dd thi d6 ¢6 tim déi xdng 1a diém I(1 ; 2).
29
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Il. KHAO SAT SU BIEN THIEN VA VE DO THI CUA HAM SO BAC BA
Sit dung sd dd khio sit hiim s, ta ¢ thé khdo sét sy bién thién vi vé do thi cha ham s&
bic ba. Ta s€ tim hiéu qua mét sd vi du sau diy.
Vidu2 | Khio sit su bién thién vi v& dd thi clia him s6 y= —x° + 32 — dx+ 2.
Criati

1) Tip xdc dinh: B,

2) Su bién thién
«Gidi hantai vocue: lim y=-e, lim v=+oc.
oy =—3x% + 6x - 4 p
Y <0véimoixe R. 2 Khio st sy bién thién va
« Biing bién thién: vé di thi ciia mdi ham s sau:
- E ] Ay=—x+3x-2;
X — a0 =+ o0

; b) y=x"+3x" 4 3x+ 1.
) - 1 ._.

Him s6 nghich bién trén khodng (- o ; + m).
Ham s6 khong ¢6 cyc tri.

3) D4 thi

» Giao diém cta db thi vdi tryc tung: (0 ; 2).

» Giao diém cia db thi vdi truc hoiinh:
Gidi phudng trinh — x* + 3% — dx+ 2 =0 taduge x = 1.
Viy d6 thi ham sd giao vdi truc hoanh tai diém (1 ; 0).
+ Do thi ham s di qua cdc diém (1;0), (0:2),(2; - 2).
Viy db thi haim s8 y = — x* + 32 — 4x + 2 dugc cho &
Hinh 20. Hinh 20
Tam déi xdng cia do6 thi ham s6 dé 1a diém /(1 ; 0).

Nhdn xér: Trong tnidng hop téng quét, db thi chia ham sébicbay=f(x)=ax + b + ex+d

(@ # 0) c6 tim d6i xidng 13 diém [ —i: L ~2 1]. Hotnis ai il ctia tim doi xiing
3a 3a a

d6 la nghiém cia phudng trinh yv" = (),
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Il. KHAO SAT SU BIEN THIEN VA VE PO THI CUA MOT SO HAM PHAN
THUC HUU Ti

a T " w L i AN + b ; 5

1. Khao sat su bién thién va vé do thi ctia ham sé y = =t (e=0,ad—bc=0)

St dung sd do khdo st him s6, ta ¢6 thé khio sdt su bién thién vi vé do thi ca ham s6

ax+b

(c# 0, ad — be # 0). Ta sé tim hidu qua mot s6 vi du sau day.
cx+d

2x+1

Vidu 3 | Khio sit syf bién thién va vé do thi cia him s6 y = ;=
Cricli
1) Tap xdc dinh: R\ {1).
2) S bién thién
» Gidi han tai v0 cuc, gidi han vo cuc va cdc dudng tiém cdin:
lim y==o0, lim y=+0o. Dodd, duting thing x = 1 la tiém cin ding ciia do thi ham s&,

=17 = 1"

lim y=2, lim y=2. Do dé, duding thing y =2 li tiém ciin ngang ctia d6 thj ham sé.

X—3+m r—p—m

. =<0 vdimoi x#1.
(x-1)

* Bing bién thién:

‘ X |- 1 + o0 |\;' -
. 4 T L ; 3 Khio st sif bién thién va
y = = vé do thi hiim s6
. _2x+6
2 +eo ¥ X2
y \ \
— a0 2

Ham s nghich bién trén moi khodang (== ; 1) va(l ; + =).
Ham s6 khong c6 cuc tri.

3) Pé thi

= Giao diém ciia dé thi véi truc tung: (03— 1).

» Giao diém ctia do thi véi truc hoinh: [—% : {]J.
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+ D6 thi ham s6 di qua cdc diém (0 ;- 1), [—% : D],

(=2:;1)(2;3), (;;4] va (4 ; 3).

2x+1

duge cho o Hinh 21. ;
x-1 I\
Quan sdit d6 thi & Hinh 21, d6 thi d6 nhin giao diém \_ :
I(1 : 2) ctia hai duding tiém cén cha do thi lam tim doi

xling va nhin hai dudng phin gidc cia cdc goc tao bai Hinh 21
hai duding tiém ciin d6 lam truc d6i xing.

Viy d6 thi him s6 y =

=Y

(o]
N
=

x-2

Vidu4 @ Khio sdt su bién thién va vé do thi clia hiim s6 y = %
X+

Gidi

1) Tip xdc dinh: B\ {- 1}.

2) Su bién thién

» Gidi han tai vo cde, gidi han vo cue va cac dudng tém can:
; ]_i:‘fll_;.:- = 400, ! l_i‘t!lry = —oo. Do d6, duding lhﬁng x=—11atiém c¢in diing cia do thi
ham sd. |

lim y=1, lim y=1.Dodé, dudng thing v =1 la tiém cin ngang ctia d thi him sd.

X = e
, 3 4 )
. y'= = >0 véi moix#— 1.
(x+1)

* Bing bién thién:

X — oo -1 + on

¥ ¥ + E 4 Khio sit sy bién thién va

Lo I vé db thi ham s6
:1-‘ / / = 1—3
1 - o0 - —x+2 ;

Hiam s6 dong bién trén mdi khoidng (— o0 — 1) va (= 1 ; + =),

Ham s6 khong c6 cife tri.
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3) P thi

» Giao diém cia dd thi véi true tung: (0; - 2).

» Giao diém cia db thi vdi true hoanh: (2 : 0).

» DG thi hiim s6 di qua cdc diém (0; - 2),(2:0), (- 2:4)
va (—4:2),

« P4 thi ham s6 nhén giao diém /(- 1 ; 1) cla hai dudng
tiém cin cia d6 thi lam tim d6i xiing va nhin hai
duding phin gidc cla céic gdc tao bdi hai dudng tiém

ciin dé lam tryc d6i xidng. Hinh 22
s 3 " 5 i 't == 2 v -
Viy do thi him so y = v duroc cho o Hinh 22.
x
Nhdn xér: Trong trudng hop tong quét, do thi clia ham s6 v = = +j; (c=0,ad - bc#0)
X+
nhiin giao diém 7 [ 4 z E] ciia hai duding tiém ciin cia do thi 1am tim d6i xdng va nhin
& ¢

hai dudng phin gidc clia cde goe tao bdi hai duding tiém cin d6 lam truc di xing.

2. Khio sat sur bién thién va vé dé thi cia ham si

2
& HhxYe (42 0,m=0)
mx+n
St dung sd do khio sét him s6, ta ¢6 thé khio sdt su bién thién va vé dd thi cla ham s6
2 .
i LEM (a#0,m=0, - 2 khong la nghiém cua da thiic ax” + bx +¢). Tasé tim
My +n m

higu qua mét s6 vi du sau diy.

2 -
Vide 5 ] Khao sét sy bién thisn'vh.ve 88 thi cia ham e85 =% —**1

x~1
Gidi
1) Tap xéc dinh: R\ {1}
2) Su bién thién
= Gidi han tai vo cue, gidi han v6 cuc va cic duding tiém cin:
Ta vi€t hiim sd di cho dudi dang: y = o 1

xel
lim y=4+42«, lim y=-on.

¥ =+ X —+—m

lin} y=—an, ]in']|+y = + o0, Do d6, dudng thing x = 1 1a tiém can ding cia db thi ham s6.
X =p X=p
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lim (y—=x)= lim L=l‘.}. lim (v=x)= lim L=[}.D0dﬁ,duﬁngmﬂngy=x

X34 E-p 4 X — X b= - x=—]
la tiém can xién cia dd thi ham so. P
. 5 Khio sdt sy bién thién va
ol 3 vé dd thi ham s
(x=1) 4
=X
yY=0xX-2x=0&x=0hoicx=2. resre
» Bang bién thién:
X — o0 0 1 + oo
y + 0 - ~ +

— g — a0

Ham s6 dong bién trén mdi khodng (— o0 ; 0) vit (2 ; + 0); nghich bién trén moi khodng

(0;:1)va(l;2).
Him s6 dat cue dai tai x =0, ¥:
3) D thi
+ Giao diém cta dd thi vdi true tung: (03 = 1).
* D& thi hiim 58 khéng cit truc hoanh.
+ DO thi ham s6 di qua cic diém (0 ; = 1), [l - —E],

. G
3 I%T 7
-1;-=1,(2;3),|=;=|va|3;=|.

2
Viy do thi him s6 v = J:——A‘]+| dudc cho d Hinh 23.
=
Quan sét d6 thi & Hinh 23, d0 thi d6 nhin giao diém /(1 ; 1)
ctia hai dudng tiém ciin ciia do thj lam tim doi xdng va nhin
hai dudng phin gidc cha cic goc tao boi hai dudng tiém cin
d6 Tam truc déi xdng.

B

Vidu 6 & Khio st sy bién thién vi v& db thi him sdy =
Gidii
1) Tdp xdc dinh: B\ {0},
2) Su bién thién
34
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= Gidi han tai v cue, gidi han vo cuc va cic duding tiém cén:
Ta viét ham s6 da cho dudi dang: y=-x+ LY
X

lim y=-o0, lim y=+oo,

lim y=-o0, lim y=+o. Do d6, duting thing x = 0 1a tiém cin ding cia d6 thi
x> r =
ham s6.

lim (y+4)= lim ~=0, Lin (y+&i= lim —=0:Do.d6; dudag thing y =— 1

X — -+ X—+o X I—p—o X——0

tiém cfin xién cha do thi ham so.

v < () vdi moi x = 0.

« Bang bién thién:

X — o0 ] + a0 o
3 “ & Khio sat sif bién thién va
Y - ‘ vé dd thi ham s6

"+ e 2+x-3
¥
\ \ \ =,
— oo — - ad

Hiim s& nghich bién trén moi khodng (— e 1 0) vid (0 ; + o),
3) D4 thi

= PG thi ham s& cit truc hoanh tai cdc diém (- 1:0), (1 ; 0).
« Db thi ham sG khong cit truc tung.

» D6 thj ham s6 di qua cdc diém (— 1 ; 0), (1 ; 0),

(=3} (333 03)

« D4 thi hiim s6 nhdn giao diém O(0 ; 0) ciia hai dudng
tiém cfin ciia dd thi lam tim d6i xdng va nhin hai
duding phiin giac cia cic goc tao bdi hai dudng tiém
ciin d6 lam tryc doi xing.

=% +1 avge cho & Hink 24.

Ii\-""-:_1}-’ do thi ham s6 y = .-'l.‘ Hinh 24
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Nhén xér: Trong truding hgp tong qudt, do thi cha him s6 y = B kBxche (a=0,m=0, -
my+n m

khong 14 nghiém cia da thic ax’ + bx + ¢) nhin giao diém I clia hai duding tiém cin cia db
thi lam tim déi xing va nhin hai duting phén gidc cta cdc goc tao bdi hai dudng tiém cin
dé lam truc doi xiing.

IV. NG DUNG DAO HAM VA KHAO SAT HAM s6 PE GIAI QUYET

MOT s6 VAN DE LIEN QUAN DEN THUC TIEN
Pao hiim Ia mét khdi niém todn hoe xudt phét tif nhiéu vén dé wrong khoa hoc, K1 thudt va
cong nghé. Vi thé, dao ham va khao sdt ham s& 13 mot céng cu quan trong € gidi quyél
mot s6 bii todn trong thyc tién. Ta xét mt s6 bii todn cy thé sau diy.

Vidu 7 © Mot ho mide nhin tao duge xdy dung trong mot cong vién gidi tri. Trong
mod hinh minh hoa (Hinh 25), né dudc gidi v
han béi cdc truc toa d6 va dd thi cia him sd '

1
y=fx)= E{—f +9x% —15x+ 56), Pdn vi do gl

d6 dai trén moi truc toa dd 1a 100 m (Neudn: A. Brgalke
et al,, Mathematik, Grundiurs ma-1, Cornelsen 2016).

a) Puding dao ven hd chay doc theo truc Ox dai

bao nhiéu mét?
b) Tai nhiing diém nio trén duding di dao ven hd = 56 8 2 ¥
(chay doc theo true Ox) thi khoang cdch theo Hinh 25

phudng thiing ding dén bd hd d6i dién 1a 16n nhét? Tim khodng cdch 16n nhit dé.

¢) Trong cong vién cé6 mét con dudng chay doc theo db thi ham s6 v = — 1,5x + 18,
Ngudi ta du dinh xdy dung bén bl hd mdt bén thuyén dap mudc sao cho khoing cich i
bén thuyén dén con duding nay 1 ngiin nhit. Tim toa d6 cla diém d€ xédy bén thuyén nay.

Cridli
A o e o 1 . .
a) Trong Hinh 25, 46 thi cia him s6 y = f(x) = T (=x" +9x* —15x +56) ciit tia Ox tai

diém c6 hoanh do x = 8, Vay dudng dao ven hd chay doc theo truc Ox dai 800 m.

b) Ta khdo st him s6: f(x) = %{-f +9x7 —15x+56) véi D<x<8.
£ = %{—sf +18x—15);

fl(x)=0e>—x> +6x-5=04> x=1 holic x = 5.
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Béng bién thién:

x |0 1 5

fi(x) - 0 + 0
8.1

56
f(x) \ / \
49 0

Ciin cii bang bién thién, ta cé: l:yagi f(x)=f(5)=8,1 tai x= 5.

Viy khodang cdch 16n nhét theo phudng thiing ding tit mdt diém trén duding di dao ven

h (chay doc theo truc Ox) dén bi ho i dién la:

190.[{5?;,((1}) =100. f(5) =100. 8,1 =810 (m

)

va dat dudc tai diém trén dudng di dao ven hd cdch goc O mot khoang cdch 1a 500 m.

¢) Xét diém Mix ; f(x)) thube @0 thi him s6 vy = f{x)= %{-x’ +9x% —15x +56) vdi

D<x<8§.

Khodng cch tit diém M(x ; f(x)) dén duding thing y =—1,5x+ 18 <= — 1 5x—y+ 18=01a:

LSx- (e 4007 < 15r+56)418) |3 -9x* +124
MH = L -

V=157 +1 10y/3,25

Ta khéo sit him s8: A(x)=x"-9x" +124 véi 0 < x <8.

h'(x)=3x" —18x;

h(x)=0& x? -6x =0 x=0 hoiic x = 6.

Béng bién thién:
x| o 6 8
ixy 0 - 0 +
124 i)
h(x) \ /
16
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Ciin cuf bing bién thién, ta ¢6: hx) >0 v3i 0<x < 8;
minf{x)= h(6)=16 tai x = 6.
[0;8]

|5~ 92 +124‘ { 6
Do d6, min MH = min - min h(x) =

[0:8] 1[]\)'3_25 - |().J3125 C[0:8] 104/3,25

va dat dugc tai x = 6. Khi do, f(6) =74.

= 0,8875

Viy trong miit phiing toa 30 Oxy & Hinh 25, diém dé xay bén thuyén c6 toa do 1a M(6 ; 7.4).

Vidu8 & SO dan cha mét thi trin sau  ndm ké tii ndm 1970 dudc vdc tinh bdi cong thic

26t +10
t+5
Viégt Nam, 2020).

flt)= (f(r) dugc tinh bing nghin ngudi) (Neudn: Gidi tich 12 Ning cao, NXBGD

a) Tinh s8 diin ctia thi trfin vAo niim 2022 (lam tron két qua dén hang phin nghin).

b) Xem v = f(r) 1a mdt ham s6 xéc dinh trén nita khodng [0 ; + o0). Khdo sét va vé do thi
ham so f(1).

¢) Dao hiim clia ham s& y = f(r) bi€u thi téc d0 ting din s6 cua thi trin (tinh bing nghin
ngudi/nam).

» Tinh tdc do ting déin s6 vao nam 2022 ciia thi trin do.
* Vio nim nio thi tée d6 ting dén s& 1a 0,192 nghin ngudi/nim?
Gidi

26.52+10 1362
52+35 57

Viy s8 din ciia thi triin vio nim 2022 khodng 23 895 ngudi.

a) Tacd: f(52)= = 23,895 (nghin ngudi).

b) 1) Su bién thién

+ Gidi han tai vo cue va duding tiém cin ngang:

lim f(t)=26. Do dé, duding thing v = 26 la tiém ciin ngang ciia d6 thi him sé.

I — o

120
(r+35)

o f'(t)= >0 vimoi 120,

2
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« Bing bién thién:
t ‘ﬂ + o

[ +

|2

Ham s6 dﬁng bién trén nia khoang [0 ; + =).

26

Ham s6 khong ¢6 cuc tri,
2) bé thi
* Giao diém chia do thi vdi truc tung;
(0; 2).
» D6 thi him s6 di qua di€ém (1 ; 6).
261 +10
+5 '

Viiy dd thi ham s y= f(r) =

t = 0 dudc cho 6 Hinh 26.
¢)*» Toc d6 ting din s vio nim 2022
cua thi tran li; :
120 40 o[

t
'(52) = = :
Fis) (52+5)° 1083 Hinh 26
* Ta cé:
f=0192e- 12:)2=ﬂ,192¢[r+5]2=625m:=2D[duf:_=ﬂ}.
I+

Viy viio nim 1990, thi toc 46 ting din sé 14 0,192 nghin ngudi/nim.
Pé viin dung dao hiim va khdo sdt ham s6 vio gidi quyét mot s& bai todn trong thuc tién,
trude hét ta ciin xiy dung mé hinh todn hoc cho bai todn, trong d6 khiu then chét 1a dua ra
mot ham s6 md phong duge méi lién hé gitia cdc doi tigng, hién wigng trong bii todn do.
J cic vi du trén, nhiing hiim s& nhu viy dude cho sin. Trong cdc vi du dudi diy, ta sé
tim hiu mot vai cich xiy dung don gian cho nhiing him s6 nhu thé

Vidu 9 = (Bai todn thiét ké mo hinh dwomg giao théng) DE thiét k€ mé hinh cia mét
doan duéing cao tc ndi hai sudin d6i vai su khéc biét vé dd cao @ vi tri hai sudin ddi giao
nhau la 50 feet (Hinh 27), ngudi ta cd thé lim nhu sau:

« Chon hé truc toa dé Oxy vdi gde O 1a vi tri hai sudin ddi giao nhau, phudng nilm ngang
I truc Ox, don vi trén méi truc toa do 1a feet (1 feet = 0,3048 m).
39
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« Chon hai vi tri A, B 1in lugt trén hai sudin d6i. Biing cich do dac tai thuc dia, ta xdc dinh
dugc toa d6 ciia hai diém A, B v géc de @ (don vi: dd) tai diém B ciia sudn dbi. Gid
sif ta ¢6 A(— 1 000 ; 60), B(1 000 ; 90) vi tang = 0,04 (Hinh 27) (Ngudn: R. Larson and
B. Edwards, Calculus 10e, Cengage 2014).

+ Trong hé truc toa d6 Oxy, quan sit dudng cong (vE bing nét dit) mé phong doan dudng
cao toc ndi hai sudn ddi, dudng cong d6 gdi nén hinh dnh dd thi ca ham s6 béc ba.
Vi thé ta ¢6 thé chon him sd bicba y=f(x) = ax’ + b’ + ex +d (a = 0) sao cho trong
hé truc toa d6 Oxy, do thi clia him s& d6 én doan [- 1 000 ; 1 000] md phong doan
duding cao tdc cin thiét k&, Ta chon theo nguyén tic: Hé s gée cla tiép tuyén tai B cla
a8 thi ham s& d6 biing 0,04,

Hinh 27

Hiy xdc dinh ham s& bic ba do.

Gidi

Do db thi ham s& bic ba y = f () = ax® + by’ + ex + d (a = 0) di qua diém (0 ; 50) nén
d =50, suy ra y = f(x) = ax’ + bx* + cx + 50, Do @ thi di qua céc diém A(- 1 000 ; 60),

=1 000 000 000a +1 000 0005 ~1 000c =10

B(1 000 ; 90) nén ta cd:
1 000 000 000a + 1 000 0005 +1 000c = 40,

csuyrad{ 40000

1
hay =100 000 000a + 100 0008 -100c =1 b
100 000 000a + 100 0005 +100c =4

100 000 000a + 100¢ = 1,5.

1
20000

Do hé s goc chia tiép tuyén tai B cia db thi ham s6 dé biing 0,04 nén

Taco: f'(x)=3ax® +2bx+c = 3ax’ + xX+c.

f(1000)=3 ﬂ)ﬂﬂﬂﬂa+%+c=ﬂ,ﬂ4, tic la 3 000 000a + ¢ =-0,01.
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Ta cé hé phudng trinh sau:
1
{IU{]{E}[HH]{}H+1{}[}£=I,5 “=7 80000 000
UV ra

3000 000a+¢=-0,01, 1 © 7 Trong Vi dy 9, gée dbe
c=——-: cua con dutng wén doan
400 [= 1000 ; 1 000] 16n nhit

Viy ham sé biic ba cin tim 1a tai diém nio?

! i S W
400

Vidu 10 (Bai todn thiét ké mé hinh ddnh gid ki ndng) Mot trung tam day nghé cin
thiét k&€ mo hinh ddnh gid ki nidng cia mot hoe vién theo hoc nghé ddnh mdy. Ngudi ta
c6 thé lam nhut sau:

« Pé %dy dung mo hinh toin hoc cho bai todn
trén, ta si dung théng ké. Biing céch khio
sdt t6c dd ddnh mdy trung binh S (tinh bing =~ | © b _
tit trén phiit) ctia hoc vién désau i tuinhoc ¢ | 38 | 56 | 79 | 90 | 93 | o4
(5 <1< 30), ta thu thip cdc so liéu thong ké
dudic cho trong Bdng 1 (Ngudn: R. Larson and Bang |
B. Edwards, Calculus 10e, Cengage 2014).

N 3 | 1% 15 ) 20| 25 | 30

» Ta cin chon hiam s6 y = f (1) d€ biéu dién cic s6 lidu & Bdng I, tidc 1a & hé truc toa
d6 Oxy, d6 thi cla ham s6 d6 trén khodng (0 ; + o) “gdn” véi cdc diém A(5 ; 38),
B(10 ; 56), C(15 ; 79), D(20 ; 90), E(25 ; 93), G(30 ; 94). Ngoai ra, do toc do ddnh
mdy trung binh cia hoc vién ting theo thdi gian ¢ vii chi d&€n mot gidi han M nio d6
cho dii théi gian f ¢6 kéo dai dén vo ciing nén ham s v = f (1) phai thoa mén thém hai
diéu kién: Ham s& dé dong bién trén khodng (0 ; + o) v lim f(H)=M e R, M > 94,

t=b o ad

Vi céic hiim da thdc (vdi bic 16n hdn hoiic bing 1) khdng thda min hai diéu kién d6 nén

ta chon mdt hiaim phén thiic hitu ti dé biéu dién cdc s6 liéu & Bdang 1. Ta ¢é thé chon ham
i {ac #0) cho muc dich d6. Dya vao Bang 1, ta chon ham s

s0 cO dang f(r) =
+dd

cl

110 =280
flt)= (t>0).
1+2

a) Dua theo mé hinh dé, dy dodn té¢ dd ddnh mdy trung binh ctia hoc vién d6 sau 40 tudn
(1am tron két qua dén hang ddn vi cha tit/phiit),

b) Xem v = f() la mt him s6 xdc dinh tén khodng (0 ; + =), hidy tim tiém cén ngang
cia 46 thi ham s& do.

¢) Néu nhin xét vé toe dd ddnh mdy trung binh ciia hoc vién dé sau thii gian ¢ ngay cang 16n.

4]
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Giai

3 110. 40 - 280 o pa e o : -
a) Ta cd: f(40) = T = 98. Viiy toc dd dinh mady trung binh cta hoc vién dé
_|_
sau 40 tuin 14 khodng 98 tit/phut.
. 500
b) Tacd: lim f(t)= lim M= lim [il[]— J=lll’l
t=b 4o i+ 42 f— + a0 i+2

Viy duding thﬁng y = 110 la tiém céin ngang cta do thi ham sé v = f(1).

¢) Do duding thing y= 110 14 tiém cdn ngang cia 4
dd thi ham s0 y = (1) nén khi ¢ cang 1én thi y=110
& @9 ddnh mdy trung binh ciia hoe viendé sé '
tién gin dén mudc 110 tit/phiit.

Chui v: D6 thi ham sd v = £(r) =@ (t>0)
I+

diicic cho & Hinh 28. D6 thi dé giao vdi truc tung
tai diém cé toa do 14 (0 ; — 140).

o 1
Hinh 28
B s Tae
1. DA thj ham s6 y = x° — 3xr = 1 la dudng cong nio trong céc duding cong sau?
A. D.

vy

[

-y
|
(s
A

I'||' [ ]

2. Puding cong d Hinh 29 1a do thi clhia ham sd; 1../
Ay=xr+2+ 2042,

B,}'=—x3—4r1—_r+ 2.

C.y=x +3¥ -dx+2.

D.y:rq+3_r3+4r+2_ |

Hinh 29
42
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l—x

3. Duding cong nio sau ddy la d6 thi cla him s6 y = — 9
X+
A. = B. \*
I
‘ 5 U'S*lt'l
[ 1
= 1;//] %
C ‘ D. vy
0
2 ___l'__.,.-"] 2 Y
=1
ol ~ .
1,7 -
/ |
4. Duding cong & Hinh 3013 d6 thj cia ham so: i
By ¥ +2x 42 .
-x—1
2 +2x4+2
B.y=——
: x+1 0 =
-1 X
2 —
i) -1
x=1 (\
2
D. y= X -2x+2
x+1 Hinh 30

5. Khio sdt sif bién thién va v& dd thi cia cdc him s6 sau:

ﬂ}}'=21j—31‘1+l; b)y=—2 +3"-1;
y=@x-2y+4; d)y=—x+3"-3x+2;
e) }'=%.r]+x2+2x+l; g)y=—x - 3x.

6. Khao sdt sy bién thién va vé a6 thi ctia cde him sd sau:
x-1 -2x

a) y=——: by y=——:
x+1 x+1
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oy yult —XT0, d) g Lok,
x==] x=2
o) yo 2X 35, |y X=2x-3
4 x+2 L AT

7. Mot tau d6 b tiép ciin Mit Triing theo cdch tiép cin thing ding va d6t chdy cdc tén
liia hiim & d6 cao 250 km so vdi bé mit cia Mt Tring.

Trong khodng 50 gidy ddu tién ké tit khi d6t chdy céc tén lia ham, do cao h clia con
tau so vdi bé mit ciia Mt Tring dudc tinh (gin ding) bdi ham
hin) = — 0,012 + 1,17 = 301 + 250,

trong d6 ¢ 14 thdi gian tinh bing gidy va h 13 d6 cao tinh bing kilomét (Neudn:
A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 201 6).

a) V& d6 thj clia haim s& v = h(r) vdi 0 < 1 < 50 (don vi trén truc hoanh 14 10 gidy, don
vi trén truc tung la 10 km).

b) Goi v(r) 1a viin toc tic thdi cia con thu & thii diém ¢ (gidy) ké tr khi dot chdy cic
tén lita him véi 0 < ¢ < 50. Xde dinh ham sd v(r).

¢) Vin tée tde thoi cia con thu lde bit ddu him phanh 14 bao nhiéu? Tai thii diém
t = 25 (gidy) la bao nhiéu?

d) Tai thoi diém r = 25 (gidy), vin tde tic thoi cia con tau vin giam hay dang ting
trd lai?

e) Tim thai diém £ (0 < 1 < 50) sao cho con tiu dat khodng cdch nho nhét so vdi bé
mit ctia Mit Triing. Khoding cich nhé nhét nay 1i bao nhiéu?

8. Xét phin tng hod hoc tgo ra chit C tif hai chit A va B:

A+B—-C.
Gid st nong do cia hai chat A va B hﬁng nhau [A] = [B] = a (mol/l). Khi dé, nong
2
dd cia chit C theo thdi gian 7 (1 > 0) dude cho bdi cong thie: [C] = 1"“[ (mol/l),
anl +

trong do K 1a h‘ﬁng 80 dudng (Neudn: BF ute Theii (Chui bién) va cde ding tde gid, Gido trinh
Phép tinh vi tich phédn ham mér bién, NXB Bai hoc Sw pham, 2023).

a) Tim t6c¢ d6 phan dng & thdi diém ¢ > 0,
b) Chitng minh néu x = [C] thi x'(1) = K(a - x)°.
¢) Néu hién tudng xdy ra véi nong do cdc chit khi f — + .

d) Néu hién tudng xdy ra véi toe do phin dng khi r — + o
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BAI TAP CUOI CHUONG |

1. Cho him s6 y= f(x) c6 dao him trén R v him s6 y= f'(x) ¢6 dd thi nhu

Hinh 31.
VR
€
.
_h'
™ ;
NA v
Hinh 31
Ham s& y = f(x) dbng bién trén khodng:
A. (—90;0) B.(0;1). C. (0;52). D. (1;2).
- A . - 8 e - ] E] - - 4x+ 4 1
2. 50 duong tiém cdn ding va tiém cin ngang cta do thi him s6 y= ——— la:
x“+2x+1
A D. B. 1. C. 2. D23,

3. Hiam s0 nio 6 do thi nhu Hink 327

Vi

(]

V1

Hinh 32
Al y=—x‘*+3x—2. B. y=—.r3—2.
C. :.=-———.r:'t +3x% -2, D. y:.rj—?r.r-l
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4. Puding cong & Hinh 33 1a 46 thi cha him s&

Vi

nio sau diy?
ﬁ.y=x—+l. B.y=_'r+l. ; -
x-1 x+1 : X
o] =X
x+1 T x+l

Hinkh 33

Céc d0 thi ham s& & Hinh 34a, Hinh 34b déu cé dudng tiém cin ding va dudng
tiém cin ngang (hoiic tiém cin xién). Hoi d6 13 do thi cha ham s6 nio trong céc
ham sd sau?

n

=y

4

i) b)
Hinh 34
d}y=2x+3: h]}_zlxwﬁ; m}rzz,r“+3x
x+1 x-1 x+1

6. Tim cdc dudng tiém cin ngang vi tiém cin ding cta do thi mdi ham sd sau:

S5x+1 2x) =3x
B y= : B) yE—m—; c)y=

x
3x-2" x +1 Jit -4

7. Tim cic duding tiém cin ding vi iém ciin xién cia d6 thi moi ham sd sau:

2x2—31+2‘ ‘_212-x+3

; b) ¥y= ,
) ¥ O e

X x-1
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8. Tim gid tri nho nhét va gid tri 16n nhit cha mbi hiim s6 sau:
a) f(x) =2x" —6x trén doan [~ 1 ; 3];

b) f(x)=% tréin dogn [1 ; 5]:

c) f(x}=in{x+l] trén doan [0 ; 3];
: < -T =N
d) f(x)=2sin3x+ 7x +1 trén doan [T : E}
9. Khio sdt sy bién thién va v& dd thi cia cdc him s6 sau:
a)y=x - 3 +2; b) y==x3 + 322 - 6x:
Ix-2 x
= - d)y= -
QX 2 Ll
xt42x+4 x*+4x+43
€) y=———35 g)y=——,
x+2

10. Mot trang sdch ¢6 dang hinh chif nhét véi dién tich 1a 384 em’. Sau khi dé 18 rén
vt 18 dudi déu 1 3 cm, dé€ 1€ trdi va 1€ phii déu 1a 2 cm. Phin con lai cua trang sich
dugic in chil. Kich thudc t&i uu cia trang sdch 1a bao nhiéu dé phén in chi trén trang
sdch ¢ dién tich 1dn nhit?

11. Mot ngudi ndng din ¢6 15 000 000 dong dé lam mot hang rio hinh chii E doc theo
mot con song bao quanh hai khu dét trong rau cé dang hai hinh chii nhiit bing nhau
(Hinh 35). D6i vdi miit hiing riio song song vdi bij song thi chi phi nguyén viit liéu
1a 60 000 ddng/mét, con d6i vai ba mit hiang rao song song nhau thi chi phi nguyén
viit lidu 1a 50 000 dong/mét, mit gidp véi bi sdng khdng phii rdo. Tim dién tich 16n
nhit cia hai khu dét thu duge sau khi lim hang rio.

Hinfy 35

a7
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12. Mt bic nong déin ¢6 ba tdm ludi thép B40, mdi tim dai @ (m) vi mudn rao mdt
manh vudin doc b séng c¢é dang hinh thang cin ABCD nhu Hinh 36 (b3 song la
dudng thiing CD khong phdi rdo). Hoi bac d6 ¢6 thé rao duge mdnh vudn c6 dién
tich 16n nhit 14 bao nhiéu mét vudng?

A a(m) B

a (m) a (m)

Hinh 36

13, C6 hai xd A, B cing & mdt bén b séng Lam, khodng céch tif hai xi dé dén bi song
lin lugt 1a AA” = 500 m, BB’ = 600 m vi ngudi ta do duge A"B’ =2 200 m (Hinh 37).
Cic ki su mudn xiy mot tram cung ¢dp nudc sach niim bén bd sdng Lam cho ngudi
diin hai xd. D€ tiét kiém chi phi, cdc ki su cin phéi chon vi tri M clia tram cung cip
nudc sach dé trén doan A°B” sao cho tﬁng khodng céch tit hai xi dén vi tri M 14 nhd
nhét. Hiy tim gid trj nho nhét cta téng khodng cdch do.

Hinh 37

14. Mot cong ty kinh doanh bt d6ng sin ¢6 20 ciin hd cho thué. Biét ring néu cho thué
mdi cin hd vdi gid 2 tidu dong/1 thang thi il cd cdc cin hd déu ¢6 ngudi thué.
Nhung cif mbi ldn ting gid cho thué mdi ciin hd thém 200 nghin déng/1 thang thi ¢é
thém mét cin hd bi bo trong. Hoi cong ty nén cho thué mdi ciin hd bao nhiéu tién
mot thang d€ tong s tién thu dugc la 16n nhit?
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HOAT BONG THUC HANH

VA TRAI NGHIEM

CHU DE 1. MOT SO VAN BE VE THUE

I. NOI DUNG CHINH CUA CHU bE
1. Mot s6 khai niém co ban vé thué

(Ngudn tham khdo: Hién phdp ndm 2013; Ludt 56 14/2008/0H12 va Lugt 56 327201 3/QH 13 vé thué thu
nhdp doanh nghi¢p; Ludt 58 387201 %0H 14 va Ludt 56 106/2016/0H 1 3)

a) Thué 1a nhirmg khoan tai chinh ma nha nude quy dinh cac 6 chidc, cd nhin khi ¢6
di diéu kién phai c6 nghia v nop cho nhi nude, gép phin dam bao ngén sdch nha nudc,
ddp ting nhu cdu chi tidu vi thue hién chic niing quin Ii kinh & = xd hdi ciia nhi nude.
Nhu viy, thué 1a khodn thu ndp mang tinh bit bude mi ¢dc t0 chite hodc cd nhin phai
nop cho nhi nude khi ¢6 di nhiing diéu kién nhat dinh.

b) Do thué 1a mot khoan thu quan trong bic nhit ciia ngén sdch nha nude nén thué cé
vai trd diic biét quan trong ddi vdi mdi quic gia va nhi nude. Vi viy, khi tham gia giao
thong, chiing ta thuting gip cic biéu nglt nhu: “Nop thué la quyén lgi va nghia vu ciia
moi céng dén”. D6 véi nudc ta, vai trd clia thué duge thé hién & nhiing khia canh sau:
* Thué dim bdo phic Igi xd hdi cho cdc di tidng chinh sdch vi dong thoi 1a ngudn lc
quan trong d& trién khai xdy duyng ha ting xi hdi nhu dién, dudng, truding, tram, ... trén
cé nuidic phuc vu nhu ciu thiét véu cha ngudi dén.

* Thué phin bé, ciin bing lai thu nhip, lam gidm, han ch& khodng cich gidu nghéo trong
xd hoi hién nay. Bdi 1€, thué€ ddnh chi yéu viio nhitng d6i tugng ¢6 thu nhép, thu nhip
cao va ngudce lai nha mtde ludn cé chinh siach mién, giam thué cho cic ddi tudgng c6 thu
nhdp thip. dbi wigng chinh sdch. ...

» Thué ting cuiing phdt trién kinh & - xi hdi va cudc song clia ngudi din. Dong thoi
thué ciing dam bdo sif canh tranh céng biing, binh diing trong x4 hi néi chung.

¢) Cén ci vio d6i tugng danh thué, ta c6 thé phin loai thu€ thiinh cdc nhém thué phd
bién nhu sau:

o Ciic loai thué dude dinh thu@ trén i sin, dién hinh nhu thu€ st dung dit, thué xuit khiu,
thué nhiip khiu, thué tiéu thu dic biét, thué gid tri gia ting, thué bio vé mdi truding, ...

* Cic loai thué ddnh vio thu nhip, thuc hién doi véi nhiing doi tigng ¢6 gid tri thing du
phét sinh tif tai san, di€n hinh nhu thué thu nhip doanh nghiép vi thué thu nhip ¢4 nhén.

a5
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Vidu 1 © Mot doanh nghiép san xuit doc quyén mét loai sin phim. Gid stf khi san xuit
vi bdn hét x sin phidm dé (0 < x < 2 000), tong s6 tién doanh nghiép thu duge (don vi:
chuc nghin ddng) 1 f (x) = 2 000x — x* vi tdng chi phi (don vi: chuc nghin ddng) doanh
nghiép chi ra 1a g(x) = + + 1 440x + 50. Gia sit mdc thué’phu thu trén mdt don vi sin
phim bdn dugc 1a ¢ (chuc nghin dong) (0 < 1 < 300). Tim mdc thué phu thu  (trén mét
don vi san phim) sao cho nhi mide nhin dugce s6 tién thué phu thu I6n nhit va doanh
nghiép ciing thu duge Igi nhudin 16n nhat theo muc thu& phu thu dé (Vgudn: Neuvén Huy Hodng
(Chi bién), Hudng ddn gidi bai ip Todn Cao cdp che cde nha kinh &, phin 2: Gidi tich todn hec,

Nhét xudt bein Thing ké 2007),
Cricii

Khi sin xudt v bin hét x sdn phim d6 (0 < x < 2 000), 1¢i nhudn doanh nghiép thu dudc
13 h(x) = (2 000x — x%) = (x* + 1 440x + 50) — tx

=— 20 + (560 — r)x — 50, vdi 0 < x < 2 000,
Xét him hix) = - 27 + (560 - fix = 50, véi 0 < x < 2 000.

Ta co: H'{x)=—4x + (560 — 1),

560 —
W) =0 x= :

Béng bién thién cia ham sé:

€(0; 2 000).

- hx)

L4V 0 560 1 2 000
4
+ 0 -

N i

=S4

Ciin cid bang bién thién, ta c6: max h(x)= h[im = r] tai x = 560
[1; 2006] 4

thué& thu dudc tif doanh nghiép 1a k(t) = [Sﬁi_‘J .t

— ! Khi dé, si tién

4
_ (560 —1)t

4

Ta c6: .E{r:!:[ —2 . =--4-{r ~280)° +19 600 < 19 600, ¥t € (0 : 300).

5m-:] 1

Vi vily, ta ¢6: max k(r) =19 600 tai r = 280. Khi d6, x = 70 (sin ph{im].

(1:300)

Viy mic thug phu thu trén mot don vi san phim sao cho nhi nuée nhin dude s6 tién
thué phuy thu 18n nhat 14 ¢ = 280. Khi dé, mdc thué phy thu 13 2 800 000 dong/ sin phim,
doanh nghiép sin xudt va ban hét 70 sin phim.
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Sau diy, chiing ta sé tim hiéu siu hon hai loai thué li: thu€ thu nhip cd nhin, thué gid
tri gia ting.

2. Mot s0 khai niém co ban vé thué thu nhap ¢4 nhin

(Neudn tham khdo: Ludt 56 04/2007/QH 12 va Ludgt 56 26/2012/QH13 vé thué thu nhdp cd nhén)

a) Thué thu nhdp cd nhan (goi tit 1a thué TNCN) 1a khoan tién ma ngudi ¢6 thu nhip
cé nhiin phdi ndp vao ngin sdch nhi nude. Khodn tién thué nay dugc tinh trén thu nhip
clia ngudi ndp thué sau khi da trif céc khodn thu nhip duge mién thué va cic khodan dudgc
giam trif theo quy dinh cta phép ludt. Thong thudng, cic khodn dude gidm trif bao gom:
e (Giam trif ban thén;

¢ Gidm trif nguGi phu thude.

b) Thué thu nhap cd nhén c6 nhitng diic diém sau;

* Thu€ TNCN Ia thué tryc thu, tie 1i nhi nude € true ti€p thu mdt phin thu nhip cia
ngudi ndp thué vi dua viio ngén sdch. Vi vy, ngudi nop thué khing thé chuvén giao cic
khodn thué ciia minh sang cho ngudi khic.

* Viéc ddnh thué TNCN thuding dp dung theo nguyén tic thué sudt luy tién ting phin,
¢6 nghia la dp dung cde thu€ suit ting din d6i véi cde nhém ddi wigng chiu thué hoiic
toitn b cdc doi wigng chiu thué, Piéu nay nghia la thu nhiip cing cao thi thu€ suit sé
cang cao.

¢) Dé tinh thué thu nhip cé nhiin, ta cd thé thuc hién cdc bude sau:

Butde 1. Xdc dinh cdc khodn thu nhdp chiu thué, ching han cic khodn thu nhip sau:
tit kinh doanh; it tién ludng, tién cong; tit diu ti von, chuyén nhugng von; ti
chuyén nhugng bt dong san; tif triing thuding; tif ban quyén; tit nhin thita ke tir
nhéan qua ting.

Chii ¥
Phdp luiit ciing quy dinh cic khodn thu nhdp mién thué, chiing han: Khoin tién luong
laim thém gid, lam viée ban dém dugc trd cao hon so vdi tién luong lam viéc trong thoi
gian hanh chinh.
Bude 2. Xde dinh cdc khoan gidm trir. Céc khodn gidm trit bao gom:
+ Gidm trif gia cinh déi véi bin thin ngudi ndp thué.
Chﬁng han: Miic gidm trif gia cinh nim 2023 dugc thuc hién theo Nghi quyét
954/2020/UBTVQH 14 1a 11 triéu ddng/thang (hay 132 trigu dong/niim) ddi vdi
ngudi nop thué; 4,4 triéu dong/thing ddi vdi mdi ngudi phu thude.
+ Gidm trif cdc khodn déng bao hiém, déng gop tif thién, khuyén hoc, nhin dao
vit quy huu tri 0 nguyén.
Bitdie 3. Xéc dinh thu nhip tinh thu€ theo cong thic sau:
Thu nhdp tinh thué = Thu nhdp chiu thué — Cdc khodn gidm trit (1)
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Nhu chiing ta di biét, thué sudt thu€ thu nhip ¢4 nhén 1 ti 18 phin trim ding dé tinh
s0 thué phii ndp cin ci vio phin thu nhép tinh thué cia mdi ngudi. Ching han, theo
Nghi quyét 954/2020/UBTVQH 14, biéu thué luy tién titng phidn nim 2023 dudc quy
dinh nhu sau;

Béc thué| Phéin thu nhap tinh thué/nam | Phin thu nhap tinh thué/thang | Thué sudt

(tri¢u dong) (triéu dong) (%)

I Pén 60 Pén s 5

2 Trén 60 dén 120 Trén 5 dén 10 10

3 Trén 120 dén 216 Trén 10 dén 18 15

4 Trén 216 dén 384 Trén 18 dén 32 20

5 Trén 384 dén 624 Trén 32 dén 52 25

f Trén 624 dén 960 Trén 52 dén 80 a0

7 Trén 960 ~ TrenS%0 3s

Poc ban méi nhat trén hoc10.vn

Being [
Budc 4. Ciin cit vio cong thde (1) vi Bdng I, xdc dinh muc thué sudt mi thu nhép tinh
thué phai chiu.
Bude 5. Xdc dinh thu€ thu nhip cd nhéin ciin ndp theo cong thic sau:
Thué thu nhdp cd nhén can ndép = Thu nhdp tinh thué x Thué sudt (2)

Vida 2 © Nim 2022, anh Chung lam viée cho mdt cong ty cong nghé véi midc thu nhip
chiu thu€ déu dédn la 25 triéu/thdng va cd hai con nhd dudi 10 tdi. Vio thang 10/2022,
anh Chung ¢6 thém khodn thu nhip cd nhén 1a 100 triéu dong tit ban quyén sdng ché.
Tinh s& thu€ thu nhip ¢d nhin mi anh Chung phdi ndp trong nim 2022.

Gridi
Trong niim 2022, ta thiy:
+ Thu nhép chiu thué ciia anh Chung la:
25. 12 + 100 = 400 (triéu ddng).
+ Do anh Chung dudc gidm trit cho bén than 1 11 triéu déng/thdng va duge giam trit cho
mdi con nho 1a 4,4 tri¢u ddng/thdng nén cic khodn giam trit ciia anh Chung la:
(1142.4.4).12=237,6 (triéu dong).
Suy ra thu nhép tinh thu ciia anh Chung trong niim 2022 la:
400 - 237.6 = 1624 (triéu dong).
Vi miic thu nhip tinh thué nhd trén, anh Chung phdi chiu thu€ sudt 13 15%.
Viy s6 thué thu nhip ¢4 nhin ma anh Chung phéi ndp trong nim 2022 la:
162,4. 15% = 24,36 (triéu ddng).
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3. Mot s6 khai niém co ban vé thué gia tri gia ting
(Ngudn tham khdo: Luge 56 13/22008/0H 12 va Ludr 56 317201 3/0H 13 v& thué gid tri gia tdng)

a) Thué gid tri gia tdng (ti€ng Anh: value-added tax, goi tit 12 VAT) la thué tinh trén
gid tri ting thém cha hang hod, dich vu phét sinh trong qud trinh tif sin xut, ludu thdng
dén tidu ding (Theo Diéu 2, Ludt Thué gid tri gia ting 2008, sita d6i nim 2013, 2016).

Nhu viy, ban chit cla thué gid tri gia ting 1a mdt loai thué thu gidn ti€p, Cédc nha san
xuiit, kinh doanh v cung ciip dich vu 1a ngudi ndp thué nhung ngudi tiéu ding mdi la
ngudi chiu thué théng qua gid ci hing hod dich vu.

Ching han: Hod don thanh todn cho mét ngudi mua mét chiéc do sé mi & mot cia hang
co dang:

Gid sdn phdm: 200 000 dong

Thué VAT: 20 000 dfmg

Tong cong: 220 000 dong

Nhu vily, ngudi mua di chiu thu€ gid tri gia ting (20 000 ddng) thong qua gid ci hing hod,
dich vu (200 000 dong).

b) O Viét Nam, thu gid tri gia ting dude quy dinh & mic thu€ suat 10% d6i véi hiu hét
cdc hang hod, dich vu.
Vidu3 | (Tinh gid ban bao gdm thu€ gid tri gia ting — VAT):

Bdc An mudn mua mt thiét bi ndi thét c6 gid 1a 15 tridu dong (trude thué). Gid sit thué
VAT la 10%. Tinh s& tién bdc An phai trd d& mua thiét bi ndi thit niy.

G
Ta cé: thué VAT = % x 15 000 000 = 1 500 000 (dong).
Vily s6 tién bdc An phdi trd dé mua thiét bi ndi that dé li:
15 000 000 + 1 500 000 = 16 500 000 (ddng).

Nhu ta di bi€t, trong nhiéu trudng hdp khi thanh todn cho mét hang hod, ciia hang giam
gid cho khdch hang. Phin gidm gid nay con dudge goi 1a chiét khdu vi thuding cho & dang
mot s6 phén traim nhét dinh ciia gid niém yét. Do do,

Gid bdn ctia mot hang hod = Gid niém yét — Phdn duge chiét khd.
Vidu 4 @ (Bitodn c¢6 chda chiét khiu, phi dich vu va thu& VAT):
Mt nhém khdch hang diing biia 16i tai mot nha hiing vdi gid niém yét 2.3 wiéu dong.
Biél riing bifa 161 d6 ¢6 mic chiét khiu li 10%, phi dich vu 1a 7% vi thu& VAT li 10%.
Tinh t6ng tién mi nhém khich hiang d6 phéi thanh todn cho nha hang (Iam ton két qua
dén hing trim dong).
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Giai

Tacé:  Chidk khffa = %’ﬁ % 2 300 000 = 230 000 (ddng).
Phi dich vu = % « (Gid niém yét — Chiét khilu)
=% « (2 300 000 — 230 000) = 144 900 (déng).

Thué VAT = % » (Gid niém yét — Chiét khiu + Phi dich vy)

= % % (2 300 000 — 230 000 + 144 900) = 221 490 (ddng).

Do do:

Téng tién thanh todn = Gid niém yét — Chiét khiu + Phi dich vu + Thué VAT

=2 300 000 = 230 000 + 144 900 + 221 490 = 2 436 390 ~ 2 436 400 (ddng).
Viy téng tién mi nhém khéch hang dé phdi thanh todn cho nhi hang 14 2 436 400 (ddng).
Chii y: Ta ¢6 cdc quy tic sau:

Phi dich vu = (% phi dich vu) x (Gid niém yét — Chiét khéu);

Thu& VAT = (% thu€ VAT) x (Gif niém yé&t — Chiét kh&u + Phi dich vu);

Tong tién thanh todn = Gid niém yét — Chiét khdu + Phi dich vu + Thué VAT.

Il. GOI Y TO CHUC CAC HOAT PONG

Thue hiinh tinh todn thué thu nhip cd nhin va thué gid tri gia ting.

Tién trinh 16 chic cdc hoat ddng bao gém: phin chuiin bi; phin thuc hién; phin tong két.
1. Phén chudn bi

@ 4 Gido vién thuc hién nhiém vu sau: Chia Idp thinh nhiing nhém hoc sinh vi giao
nhiém vu cdc nhém tim hiéu théng tin vé thu€ thu nhip cd nhin va thué gid tri gia ting &
nude ta, dic biét 1a cdch tinh thué thu nhép cd nhén vi thué gid tri gia ting.

@ ¢ Moi nhom hoce sinh trao d6i, thao ludn dé xdc dinh r6 nhiém vu cia nhém va
thyc hiinh tinh todn thué thu nhip cd nhin va thué gid tri gia ting.

a) Nhiém vy 1: Tinh thué thu nhip cd nhan

Théng nhit cdc cong viée cin lam sau diy:
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« Duia ra tinh hudng gid dinh vé mife thu nhép chiu thué déu diin hing thing vi gidm trit
gia canh hing thing cia mdt ngudi nao do, dong thai dua ra tinh huéng gid dinh vé thu
nhap chiu thué dot xudt trong nim cia ngudi do.

« Tinh thu€ thu nhép ¢d nhén cho ngudi dé & nim néi trén,

b) Nhi¢m vy 2: Tinh thu& gid tri gia ting

Théng nhilt cic cong viéc ciin lam sau déy:

« Chon mdt cifa hing (hodc siéu thi) va xéc dinh gid cia nidm loai hiing hod & cla hiing d6.
« Tinh thué gi4 trj gia ting cho mdi loai hiang hod di chon.

« Tinh tdng 58 tién phai thanh todn khi mua mdi loai hing hod doé.
2. Phin thye hién

« Bio cio vé tinh thué thu nhip cd nhin.

« Bdo cdo vé tinh thué gid trj gia ting.

3. Phén tong két

Lam viée chung ca 1dp d& thuc hién cic nhiém vu sau:

« Ciéic nhém biéo cdo vé tinh thué thu nhép cd nhin va tinh thué gid trj gia ting cha nhém,
Tit d6, ¢ 16p gop ¥ cho hai bio cdo ctia mi nhém.

« Tong két va rit kinh nghiém.

lll. PANH GIA

Hinh thiic ddanh gid cia hoc tap du dn.

1. Panh gia hoat ddng ca nhin

« Mdi cd nhin tf dénh gid viio phi€u cd nhan.

« Nhém dénh gid tig thinh vién trong nhém vio phiéu ddnh gid cd nhan.
2. Panh gia hoat dong va san pham ciia nhom

« Nhom i ddnh gid lai hoat dong clia nhém vi cho diém vio phiéu ddnh gid hoat dong
cua nhdom.

« Gido vién va ciic nhém dinh gid, roi cho diém phin trinh bay ctia titng nhém vao phiéu
dinh gid hoat dong nhom.
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TOA BQ CUA VECTO
TRONG KHONG GIAN

Trong chuong nay, ching ta sé tim hiéu nhing néi dung sau:
vecto va cac phép toan vecto trong khong gian; toa dé cua vecto
trong khéng gian; biéu thifc toa dé clia cac phép toan vecto.

g1 VECTO VA CAC PHEP TOAN VECTO
51 ' TRONG KHONG GIAN

Céic mii tén chi dudng trong khu tham guan
vudn thia (Hink 1) gdi nén hinh dnh cac vectd
trong khong gian.

Vectd tremg khong gian la gi?
Cde phép todn vé vecto trong
khing gian dwge thue hign nhie thé nao?

(Ngudn: hmps:shutierstock.com)
? Hink |
r.—*{iﬁ:h
(g

ot

I“'"’--f -'-Fr

I. KHAI NIEM VECTO TRONG KHONG GIAN

Trong mit phing, hay néu dinh nghia:

a) Vectd, gia va do diu cua vectd, hai vectd cung phudng, hai vectd cung hudng;
b) Vectd-khong;

¢) Hai vectd biing nhau, hai vectd ddi nhau.

Tudng ty nhu trong mit phing, ta c6 khéi niém vectd trong khéng gian:
o
~ Vectd trong khong gian 12 mét doan th'fmg ¢t hudng.
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Chii ¥
* Cho doan thiing AB trong khong gian. Néu ta chon diém diu 12 A, diém cudi 12 B thi ta
¢ mot vectd, ki hicu la AB, doc la “vectd AB”,

* Khi khong cén chi 1o diém diu va diém cudi ciia vecto, vecto con duge ki hiéu 1 4,
b, u, v, ...

Céc khdi niém c6 lién quan dén vectd trong khong gian nhu: gid cta vectd, do dai
clia vectd, vectd ciing phuong, vectd cliing hudng, vectd-khong, hai vectd biing
nhau, hai vectd déi nhau, ... duge dinh nghia tudng td nhu trong mit phing.

Vidu 1 = Cho hinh hip ABCD.A'B'C’'D’. Hiy chi ra ba vectd c6 diém diu vi diém cudi
la cdc dinh cua hinh hdp sao cho ba vectd do:
a) Biing vectd AD;
b) La vectd ddi ciia vectd AD.
Gidi. (Hinh 2)

e A D’ g P' .
a}[?{mﬁ;. vectd B.C. BC,_;:!D ® Cho hinh hop
cling hudng vdi vectd AD ’ ABCDA'B'C'D'.
VvaiAD=BC=RBC =AD" Hiy chi ra ba vectd ¢6
(tinh chét hinh hop) nén diém diu va diém cudi 1a
—_— — —— cdc dinh cia hinh hdp sao
AD=BC=BC'=A'D. a cho ba vectd doé:
‘u_'”..:_i_y; ba vectd BC, B'C, a) Biing vectd AA";
A'D' ¢6 diém diu va diém b) La vectd dbi cha vectd
cudi 1i cidc dinh 1 clia hinh hop A B AA'.
vi biing vectd AD. Hinh 2 -

. mm—

b) Docicvectd CB, C'B’, I}'4" ngudc hudng vdi vectd AD viAD = CB=C'B'=D'A’
(tinh chit hinh hop) nén ba vectd CB, CB’, D4’ 1a ba vectd d6i cha vectd AD.
Chui ¥: Cho diém O vi vectd d. Khi dé, ton tai duy nhét diém M trong khong gian sao

cho OM =a.
Pé xidc dinh diém M, ta lam nhu sau (Hinh 3):

* Qua O ké duding thing d song song hodc tring vdi gid /f/’
cla vecld d. .
* Liy diém M trén duding thing d sao cho hai vectd {F{ -

d la cing hudng va dé dai doan thing OM bing do dai i
vectd d. '
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Il. CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Tong va hiéu ciia hai vectd trong khéng gian

B
@ ¥ Trong khong gian, cho hai vectd d, b. Liy a
mot diém A tay ¥. a b It
a)Vé AB=a, BC=b.
b) Tdng ciia hai vectd @ va b biing vectd nio trong A C
Hinh 47 Hinh 4

Trong khong gian, cho hai vectd @, b. Liy mot diém A tuy ¥, vé AB=d, BC =b.
Vectd AC duge goi la tdng ciia hai vecto @ va b, ki hicu la AC =a+b.

Chui v
* Phép liy tong cia hai vectd con dude goi la phép cing vecto.
* Phép cong vectd trong khdng gian cling ¢ cdc tinh chit nhu phép cng vectd trong
miit phing, ching han: Phép cing vectd trong khéng gian ciing ¢6 céc tinh chét giao hodn,
két hgp, cOng vdi vecta-khong.
* Khi thuc hién phép cong vectd trong khdng gian, ta vin c6 thé dp dung quy tic ba diém,
quy tic hinh binh hanh nhu d6i véi vectd trong méit phing.
DGi vai vectd trong khong gian, ta ciing ¢6 cdc quy tic sau:
L]
* Vdi ba diém A, B, C trong khong gian, ta c6: AB+ BC = AC (Quy tdc ba diém);
« N&u ABCD 12 hinh binh hanh thi AB+AD = AC (Quy tdc hinh binh hénh).

—— —

Vidu 2 | Cho tid dién ABCD. Chiing minh ring AB +CD = AD + CB.
Gidi. (Hinh 5)
Theo quy tic ba diém, ta cé:

AB = AD + DB.

Do do l\;h :

=% == == Se——ah == I .

AB+CD=AD+DB+CD " 7 73 Cho wt dién ABCD.
S g i Chifng minh ting:
= AD+(CD+DB) PV TR
— — C AC + DB = AR + DC.
=AD+CB. Hinh §
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“SPP Cho hinh hop ABCD.A’B'C’'D’ (Hinh 6).
Tim lién hé gita: AB+AD va AC: AC+AA’ va AC’.
Tii db, hay suy ra rfing

AB+AD+ AA' = AC.

[ Néu ABCD.A'B’C’D’ 1a hinh hop thi

Ce PO CTNRRTE ey

AB+AD+AA" = AC’ (Quy tdc hink hip). B s

Hink 6
Vidu 3 Cho hinh hip ABCD.A'B'C'D’ (Hinh 6). ‘;k 2
Chiing minh ring: ©3 Cho hinh hop
e ABCDA'B'C’'D'. Chilng
AB+B'C'+ DD = AC", minh r?mg‘.
Gidi BB+ AD+CD = BD.
Tacé: B'C'=AD, DD =4AA". -
Do da: A_B+E’C'+E=E+E+H'=A—C“. L b -

¥ Trong khong gian, cho hai vectd a, b.

Lay mét diém M tuy ¥.

a) V& MA=d, MB=b, MC = b.

b) Téng cia hai vectd @ va — b biing vectd nio
trong Hinh 77

[ Trong khéng gian, cho hai vectd 4, b. Hiéu cla

vectd d@ va vectd b 14 tbng clia vectd @ va vectd |
doi cia vectd b, ki hiéu la a—b.

Phép ldy hiéu ctia hai vectd con dudc goi la phép trit vecto.

Vidu 4 = Cho hinh hop ABCD.A'B'C’'D’ (Hinh 8). Hinh &
Chiing minh ring: B'B—DB=B'D. p @
e 4 Cho hinh hip
Gt ABCD.A'B'C'D".
BB-DB=BB+(- DB) ﬂ.‘tng minh riing:
—BB+BD=RBD. BE' -C'B - DC =BD.
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Dai vdi vectd trong khong gian, ta ¢6 quy tic sau:

@

Vi ba diém 0. A, B trong khong gian, ta ¢6: OA —OB = BA (Quy tée hiéu).

2. Tich ctia mét so vdi mit vecto trong khong gian
Néu dinh nghia tich cia mot sé thuc k # 0 va vecto a £0 trong mit phﬁng.

Tuong ty nhu trong miit phiing, trong khéng gian ta ciing ¢ dinh nghia sau:

I e ————
Cho s& thuc k # 0 vi vectd a # 0. Tich ctia s6 k véi vectd @ 12 mot vectd, ki hiéu
la kd, dudge xdc dinh nhu sau:

* Cling hudng vdi vectd @ néu k > 0, ngugc hudng vdi vectd @ néu k < 0;
* C6 a6 dai biing [k| . |al.

Quy wic: 0 =0, k0=0. Do d6, ka =0 khi va chi khi k = 0 hoiic d@ =0.

Chui ¥

* Phép ldy tich ctia mdt s6 vdi mot vectd goi 1a phép nhdn mot s& vdi mét vecio.
* Phép nhiin mét sd vdi mét vectd trong khéng gian ¢6 cdc tinh chét sau:

Vi hai vectd bat ki @, b va hai s6 thuc h, k ta c6:
+ k(i@ +b)=kii+kb; k(d—b)= ki —kb;

+ (h+k)d = ha + ka;

+ hika) = (hk)a;

+ ld =d; (-)a=-a.

Vidu 5 = Cho ui dién ABCD ¢6 G la trong tim cla tam

gidgc BCD. Goi H, K lan lugt 1a trung diém ctia cic canh € Hinho
AB. AC (Hinh 9). Chiing minh riing: P '
. , 5 Cho ti dién ABCD. Goi
a) BC =2HK, M, N Iin lugt li trung diém
b) AB+AC +AD =3AG. clia cic canh AD va BC,
112 trung diém MN. Chiing
Giai minh riing:
a) Do HK la duding trung binh cﬁaiim gidc ABC nén a) MN = _l_{ﬁ + DCY:
BC /| HK va BC = 2HK. Suy ra BC cing huéng véi . 2 . .
HE va |BC| =2 HE]. vay BC = 2HK. b)IA+ IB + IC + ID = 0.
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b) Ta cé:
AB = A{'}+GH AC =AG+GC, AD=AG+GD.

Suym AB+AC +AD =3AG +GA + GB +GC.
Vi G la trong LdITL clia tam glz’l-.: BCD nén GA+GB+GC =0,

—

/ﬁ/)',
\
1 i

3. Tich v6 hudng cia hai vectd trong khéng gian Y2
- Trong khong gian, cho hai vectd @, b khic 0. G-<: B
Lay mét diém O tuy y. A 5 .
a) Vé hai vectd OA = i, OB =b. ‘-""‘E--.h

Hinh 10

b) Khi 6, hai vectd OA, OB ¢6 gid niim trong cling mit
phing (P) (Hinh 10). Néu dinh nghta goc gitia hai vecto
OA, OB trong mit phing (P).

I Trong khong gian, cho hai vectd d, b b khﬁl: ﬂ Liy
mt diém O wy ¥ va vé hai vectd OA=a, OB = b.
Goc g:ﬁa hai veetd d, b trong khﬁng gian, ki hiéu
(d. b), 12 g6c giita hai vectd OA, OB.

B C

Chii ¥: 0° <(d, b) < 180", Hinh 11

l'idué = Cho hinh lip phudng ABCDA'B'C'D’. Tinh p -
e ; P, 6 Cho i dién déu ABCD.
20c gida hai vectd BD, B'C., Goi M, N lin lugt 1a trung

Gidi. (Hinh 11) diém cdc canh AB, AC.

Tacé: BD=B'D’. Do d6, Hay tinh géc gitta hai vectd
(BD, BC)=(B'D, BC)=D'BC. i

ViB'C=CD’=D’B’ nén tam gidc B'CD’ 1a tam gidc déu. ’! D’

Suy ra_D'B'_C'= 60", ” ; <

Vily (BD, B'C)=60".

Trong khing gian, cho hinh lip phudng i ”

ABCDA'B'C’'D’ ¢6 d0 dii canh hing 3em(Hinh12), | 5712

a) Tinh gée gitta hai vectd A{'J A'D. J':'TJ f

b) Tinh [AC|.[A'D. cos(AC, A'D). Hinh 12
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Trong truding hop téng qudt, ta ¢6 dinh nghia sau:

I Trong khong gian, cho hai vectd a, b khdc 0. Tich vé hudng cta hai vectd @ va b*

T
ki hiéu a . b 1a mot 6 thye dude xdc d1n]1 bdi cong thic: 4 . b= lal . |b| cos(d, b}
G dé (4, b] la goc gitta hai vectd a, b.

Quy wde: Tich vo hudng cia mot vectd bit ki véi vectd 0 bing 0.
Chii ¥

* Tich vo hudng clia hai vectd trong khdng gian ¢6 cdc tinh chit sau:
Véi cic vectd bit ki d, b,
+d.b=b.a (tinh chit giao hodn);
+d.(b+E)=d.b+a.¢ (tinh chit phin phi):
+ (k). b=k(d.b)y=a .(kb):

+a 20,a =0 a=0.

¢ vt so thuc & tuy ¥, ta cé:

. , - .o B
* Néu a, b 14 hai vectd khac 0 thi cos(a, b}=—|:[.
lal . |6

Vidu?7 @ Cho ni dién OABC c¢6 cic canh OA, OB, OC d6i mdt vudng gdoc va
0A = OB = 0C = 1. Goi M la trung diém ctia canh AB. Tinh géc giiia hai vectd OM va AC.

Gidi. (Hinh 13)

Dit OA=d,0B=b, 0C =¢ €)
Khi a6, |al =|b|=l¢|=1va a. . B=d.¢=F.c=0.
Ta ed: ms{{ﬁi"’ A_C} DM AC B
lom| . |ac|’ it
Miit khic, do GM_—(0A+{}E} %{ +B) "
va AC=0C-0A=¢-a A
O B Hinh 13
&n O .Afzé{ﬁ+b}.{5—&} o
; I
—i(a E—ad*+b.c-b a)=——.
2 i 2
y It 2 .
Ta lai c6: [oM|=0M == AC =2. } 4
2 1 7 Cho hinh lip phuong
— — OM.AC _ 3 -1 ABCDA'B'C'D’ o6 canh

Do 46, cos(OM, AC) = duko ==
oM .Jac] 2 52

Viy (OM, AC) =120°.
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Vidu8 = Mot chiée dén tron dudc treo song song vai mit
phiing nim ngang bdi ba sgi diy khong dan xudt phat tit
diém O trén trin nha va 1an gt budc vao ba dln:m A.B.C
trén dén tron sao cho cac ldc cing F F F lin liot

trén méi diy OA, OB, OC dbi mot vudng gée vdi nhau va

F, = |F|= F| =15 (N) (Hinh 14).
Tinh trong lugng cta chiée dén tron dé. P
Gidi |

Goi A, B,, C, 1An lugt 1a cdc diém sao cho OA, =F,,
OB, =F,, OC, =F,.Liycic diém D, A, B/, D], sao
cho OA,D,B,.C,A;D,B, 1a hinh hop (Hinh 15). Khi dé, ip
dung quy tic hinh hop, ta c6:

OA, + 0B, +OC, =0D;".

Mit khic, do cic lyc cing F, F, F, doi mot
vuong goc va |F|=|F|=|F|=15(N) nén hinh hop
OA D B,.C A/DB] ¢6 ba canh OA . OB,, OC, doi mit
vudng gdc va biing nhau. Vi thé hinh hép d6 1a hinh lap
phudng ¢é d6 dai canh bing 15. Suy ra dé dii duding chéo !
0D ciia hinh Iap phudng d6 biing 1543 Hinh 15

Do chiéc dén & vi tri cin biing nén FI +E+ .?‘1 = 1_5 3d6 P Ia trong Iyc tic dung Ién
chiéc dén. Suy ra trong ludng cta chiée dén la: LI_“| = ‘GDL' | = l.‘ia}'r?: (N).

B ciivar
1. Chohinhhép ABCD.A'B'C'D’. Vectd ii = A'’A + A'B'+ A'D’ biing vectd nio dudi diy?
A. A'C. B. CA. C. AC. D. C'A.

2. Cho ui dién ABCD. Chiing minh riing:
a}E+B—D:E+E_C: b) Aﬁ.‘-—Cﬁ:AE.#Dﬁ.
3. Cho hinh lip phudng ABCD.A'B’C’D’ ¢6 canh biing a. Tinh:
a) A'B.DC: D'A.BC; b) Ciic géc (A'D, B'C’); (AD', BD).
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4. Cho hinh hip ABCDA'B'C'D’. Goi G la trong tim
tam gidc AB'D’. Chiing minh riing A'C = 3AG.

tn

Mot chiée & 16 dude dit trén miit ddy dudi cha mot
khung sit c6 dang hinh hop chit nhit véi ddy trén
14 hinh chu nh{j! ABCD, miit phfmg (ABCD) song
song vdi mit phing nim ngang. Khung sit d6 dudc
bude vao mée E cta chiée cin cdu sao cho cic doan
diy cap EA, EB, EC, ED c¢6 6 dai bing nhau va
cling tao vdi mit phiing (ABCD) mdt géc bing 60°
(Hinh 16). Chiéc can ciu kéo khung siit 1én theo
phudng thiing ding.

Tinh trong lugng cla chiéc xe 6 16 “-J.I'ﬂ tron dén
hang ddn vi), biét ring cic luc ciing F Fz, F3

E déu 6 cuding d6 1a 4 700 N va trong lugng cia
khung sit 13 3 000 N, Hinh 16

Lff ' ITIM HIEU THEM -

Ba vectd dong phang

Trudc hét, ta cé dinh nghia sau: Trong khéng gian, ba vectd dudge goi la dong phdng néu
cdc gid ctia chiing cling song song vdi mot mit phiing.

Vidu & Cho hinh hép ABCDA'B'C'D". Goi M. N, P,Q M
lan lugt 12 trung diém cta cic canh A'D’, D'C’, AA', DD’. A’
Goi £ la trung diém ciia doan thing DQ, G la diém nim
trén canh CC' sao cho CC' = 4CG (Hink 17). Do cic
duding thing MN. PQ, EG ciing song song vdi mit phing 7
(ABCD) nén gii cua ba vectd ﬁ, Fé EG cling cung
song song vdi mit phiing (ABCD). Vi vy, ba vectd MN,
PQ. EG 1a ding phdng. Hinh 17

D N C’

Nhdn xét: Ngudi ta ciing chiing minh dugc mét s6 diéu kién sau diy dé ba vectd trong
khong gian la dong phing:

1. Trong khnng gian, cho hai vectd @, b khong cung phudng va vectd ¢. Khi do, ba
vectd d@, b, ¢ ddng phiing khi va chi khi cé ciip s m, n sao cho & = ma + nb. Ngoai ra,
ciip s& m, n 1a duy nhit.

2. Trong khong gian, cho ba vectd . _!5. ¢ déu khic vectd-khong. Tir diém O trong
khéng gian, ta vé OA =d, OB = b, OC =¢. Khi d6, ba vectd @, b, ¢ ddng phing khi
v chi khi bén diém 0, A, B, C cung thude mot mit phing.

&4
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§2 TOA PO CUA VECTO

Bio Haiyan (Hai Yén) la mét con biio manh di 46 b
viio nuée ta nhiing ngay dau thang 11 niim 2013.

DEé theo doi duting di cia bio vi vin toe gi6, ngudi ta
sif dung toa d6 cla cic vectd chi vin t6c cia nhiing
ludng gié xody vio tim bao (Hinh 18).

Toa dd cua vectd trong khéng gian la gi?
Lam thé nao dé xdc dinh duge tog dp cia
vectd trong khong gian?

.-‘I:ru’.' chup bdo Haivan ngdy . ?
07/11/2013 g
(Ngudn: htips:#iviwikipedia.org) Wl ﬁ
Hinh 18

I. TOA O CUA MOT PIEM

1. Hé truc toa do trong khong gian

@ P Trong khong gian, hiy vé:

a) Ba truc 88 Ox, Oy, Oz vudng goc véi nhau tiing doi mot va ciit nhau tai gl’i: O ciia moi truc.

b) * Vectd i xuit phit tif diém géc O, theo chidu dudng ctia truc Ox va ¢6 d6 dii bing 1.
* Vectd j xudt phat tif diém géc O, theo chiéu dudng cia tryc Oy vi ¢é do dai bing 1.
* Vectd k xudt phét tit diém gdc O, theo chiéu dudng cha true Oz v ¢6 d6 dii bing 1.

' Hé gom ba true Ox, Oy, Oz déi mdt vubng gée dude

goi la hé truc toa d¢ vudng goc Oxyz trong khong
gian, hay don gidan goi la hé toa dd Oxyz.

Chii v: Ta goi i, j, k 14n gt 1a céc vecto don vi trén cic 14+
truc Ox, Oy, Oz

Trong hé toa dd Oxyz (Hinh 19), ta goi: diém O 14 goc toa
dd: Ox 1a truc hoénh, Oy la truc tung, Oz 1a truc cao; cac
miit phiing (Qxy), (Oyz). (Ozx) 1a cic mit phiing toa d6.

Khong gian vdi hé toa d§ Oxyz con dudce goi la khong gian

Oxyz, Hinh 19
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Nhén xér: Cac miit phﬁng toa do (Oxy), (Ovz), (Ozx) dd1i mdt vudng gée vdi nhau.
Vidul & Mot sin tennis véi hé toa d§ Oxyz duge
chon nhu & Hinh 20,

a) Hoi mit sén niim trong mit phéng toa d6 nao?

b) Truc Oz cé vudng goc vai mit sin hay khong?

Cridi
a) Mt san nim trong mit phiing toa dé (Oxy). Hinh 20
b) Truc Oz vudng géc vdi mit phing toa dé (Oxy) ":F"
nén truc Oz vudng géc vdi mit sin. “ 1 Mt ciin phong vdi hé

tog db Oxyz duge chon
nht & Hinh 21. Cho biét
biic widng phia sau cua
ciin phong nim trong miit
phing toa do nao.

Hinh 21 i

2. Toa do ciia mot diém fofgsyl NENEEEN
@ (P Cho diém M trong khong gian vdi hé toa  INEENE NN
d6 Oxyz. Goi M, la hinh chi€u cia diém M trén milt » DNl 523)
phiing Oxy (Hinh 22). - K i
a) Trong mit phiing Oxy hiy cho biéi: LA M,

* Hinh chiéu H cua diém M trén truc hoinh Ox «

iing vdi s0 nio trén truc Ox? Hinh 22

* Hinh chiéu K ctia diém M trén tryc tung Oy tng )

véi sO nio trén truc Oy?

b) Hinh chiéu P ctia diém M trén true cao Oz ting vdi ""'\
s& nao trén truc 027

e

Nhiin xér: Bo s6 (4 ; 5 ; 3) goi 1a rog do cla diém M /” )
trong khéng gian vGi hé toa dd Oxvz. b 7

Ta ¢ dinh nghia sau (Hinh 23):

Hinh 23

&6
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l Trong khong gian véi hé toa d6 Oxyz, cho diém M.

» Xdc dinh hinh chiéu M, cia diém M trén mét phiing Oxy. Trong mit phiing toa d

Oxy, tim hoanh d6 a, tung a6 b cia diém M.

* Xdc dinh hinh chi€u P cta di€ém M trén truc cao Oz, di€ém P (ng vdi sO ¢ trén truc

0:z. 56 ¢ li cao d6 cia diém M.

Bé s6 (a3 b ¢) 1a toa do cia diém M trong khong gian véi hé toa dd Oxyz, ki hiéu la

M(a:b:c)

Chii ¥

* Toa d6 cia mot diém M trong khong gian vdi hé
toa d6 Oxvz luén ton tai va duy nhit.

* Ngudi ta con c6 thé xdc dinh toa d6 diém M theo
cich sau (Hinh 24);

+ Xdc dinh hinh chiéu H cla diém M trén truc hoinh
Ox, diém H dng vdi s0 a trén truc Ox. SG a 14 hoinh
4o cia diém M.

+ Xde dinh hinh chiéu K cia diém M trén tryc tung
Oy, diém K iing véi s6 b uén truc Oy. S& b i tung
d6 cha diém M.

+ Xic dinh hinh chi€u P cta diém M trén truc cao
Oz, diém P dng vdi s6 ¢ trén truc Oz S6 ¢ 13 cao do
ctia diém M.

Khi d6, bd s0 (a : b : ¢) 1i toa d6 cha diém M trong
khong gian véi hé toa dd Oxyz,

lidu2 = Trong khéng gian vdi hé toa d6 Oxyz, cho
diém A(4:5:3). GoiA . A,, A, lin lugt 1 hinh chiu
ciia diém A trén cic mit ph:"ing toa do (Oxy), (Ovz),
(Ozx) (Hinh 25). Tim toa 46 cla cdc diém A .
Cricii
Goi A (x) 1) 12)), Ay(x5 1 V51 25), Ay(x3 1 ¥3 1 2y).
VGi A(4:5;3), ditx, =4,v,=5,2,
+x,=x, =4y =y, =3viz =0(viA, nim trén
miit phing (Oxy)). Do dé A (4 ;5 : 0).
+y,=¥, =52, =2,=3vix,=0(vi A, nim trén
miit phiing (Oyz)). Do @6 A,(0; 5 ; 3).
+x;=x, =42, =2, =3 vd y, =0 (vi A, nim trén
miit phiing (Ozx)). Do d6 A,(4 ;0 ; 3).

=3.Taco:

Poc ban méi nhat trén hoc10.vn

5 Micd:b:c)
oK ¥

H

(]

Hinh 24

L8

F
= i

Hinh 25

L s 3

ﬁz Trong khing gian vdi
hé toa dé Oxyz, cho diém
A(3:2:4). Goi H, K, P
lan lugt 14 hinh chiu ca
diém A trén cdc truc Ox,
Oy, Oz. Tim toa dd cua cic
diém H, K. P.
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Il. TOA O CUA MOT VECTO
(SFP Cho diém M trong khdng gian vdi hé toa do Oxyz.

a) VE vectd OM.
b) Néu cich xdc dinh toa di cha diém M.

[ Toa do ciia diém M dude goi 1 toa 4o ciia vectd OM.

Néu GM cotoadd(a;b;c)thita wet D‘M =(a;:b;c), trong 46 a goi ]a hoanh do cia
vectd DM b goi la tung d6 coa vectd OM vac goi la cao d6 cha vectd oM (Hinh 26).

' Tk

Hinh 26 Hinlt 27

Clui ¥ Trong khong gian vdi hé toa dd Oxyz, ta co:
*OM =(a;b;c) < Ma:bh: ey
* Vectd don vi ¢ trén truc Ox ctoaddla i =(1:0:0):
Vectdddn vi j trén truc Oyvcotoadola j=(0:1;0);
Vecto don vi k trén truc Oz c6 toa dd 1a k =(0; 0 1) (Hinh 27),

Vidu3 | Trong khong gian véi hé toa d6 Oxyz, cho hai
diem M(-=4 ;3 ;- 1) va N2 ;- 1; - 3). Tim toa dd ctia

cic vectd GM GN P,E -

Cricii 3 Trong khéng gian
. i vidi h¢ toa d§ Oxyz, cho

Taco: M(—4:3;-1DvaN2;-1;-3) 0—A=f3;1:—2],'['imma

Do d6, OM =(-4;3; 1), ON=(2; - 1; - 3). do diém A.

&8
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@ &P Trong khong gian vdi hé toa 4§ Oxyz, cho vectd & (Hinh 28). Hiy xic dinh
diém A sao cho OA =i (Hinh 29).

1 |
—3

..":'i"" ./'E"d

A

o
Vot
o

Hinh 28 Hinh 29

[: Trong khong gian vdi hé toa dd Oxyz, toa do clia mot veetd i 1a toa o clia diém A,

trong d6 A la di€ém sao cho OA =u.

)
— - —_— —

Néu i c6 toa db (a; b c)thitaviét ii =(a; b c), trong d6 a goi la hoanh do, b goi la
tung d¢ vi ¢ goi la cao dd coa vectd a.

Vidu 4 | Tim toa 46 clia clic vectd A A, A,A & Hinh 30.

F 4 Tim g d6 cia cdc

vectd KA, A;A d Hinh 30.

Hink 30

Giai
Trong Hinh 30, ta c6: AA=0OL, A,A=OH maL(0;0;3)va H(4:0:0).
Do dé, AA=(0:0;3) va A,A=(4;0;0).
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S Trong khong gian vdi hé toa dd Oxyz, cho vectd i =(a b ; ¢) (Hinh 31).
Léy diém A sao cho OA =ii.

-

a) Tim hoanh d6, tung dd va cao dd clia diém A.

b) Biéu dién vectd {J—H qua vectd F; vectd ﬁ
qua vectd J; vectd OP qua vectd k.

¢) Biéu dién vectd i theo cic vectd i, |, k.

Ta ¢6 dinh i sau:

' Trong khong gian véi hé toa dd Oxyz, néu

ii=(a;b;c) thi : Hinh 31

ii =ai +bj +ck.
Ngudc lai, néu i = ai +bj +ck thi
i=(a;b;c).
X=X,
Chiiy: Véiu=(x; 3y ;g5)vav=(x 55, tact i=ve M=y
3 =2

Nhu viy, mdi vectd hoan toin dude xédc dinh khi biét toa do cla no.

Vidu5 | Trong khong gian vdi hé toa 46 Oxyz, cho diém A(l ; 2 ; — 3) va vectd
ii = (3 ;- 4:2). Hiy biéu dién theo cdc vectd i, j va k mbi vectd sau:

1) OA:
b) .
Gidi
a) Vidiém A cotoaddla(l ;2 : - 3) nén ‘;' ‘
OA=(1;2;-3). 5 Trong khong gian vdi hé toa 4o
Do d6, OA=1i +2j +(=3)k =i +2j -3k. Oxyz, cho vectd OB =—i +2k
vd vectd v = =T + k. Hay tim
b)Vii=(3;-4;2) nén toa di cua:
a) Piém B: b) Vectd v.

i =3 +(— 4] +2k =3 —4] +2k.

70

Boc ban méi nhat trén hoc10.vn Ban mau gop v



@ (P Trong khong gian véi hé toa dd Oxyz, cho hai diém A(x, 3 v, 1 2,), Blxg: v 2p)
(Hinh 32).

a) Biéu dién mdi vectd OA, OB theo cic vectd i
i, j vak.
b) Tim lién hé gitia

AB v (xg =2, 0 + (g =3, )] +(z5 =2, k.

¢) Tu dé, tim toa dd cia vectd AB.

Ta c6 dinh Ii sau:

[ Trong khong gian véi hé toa dd Oxyz, cho

hai diém Alx, 1y, :2,) vaBlxg: vy: z5). Khi dé,
tach: AB=(xp—X 5 ¥p=Ys125—24) |

Hirth 32

Vidu 6 = Trong khéng gian vdi hé toa dd Oxyz, cho hinh binh hidnh cé ba dinh
A(1;1;=-2),B4;:3;)vaC(-1;=-2;2).
a) Tim toa d6 cia vectd AB .
b) Tim toa do cia diém D,
Gridii
a) Ta ci:
AB=(4-1:3-1:1-(-2)=(3:233)
b) Goi tog df cha diém D 12 (x,, ; v, : 2, tach:

2
T | = o

DC=(-1-x5;-2-y5:2-2,). “ @& Trong khong gian vdi hé
toa d6 Oxyz, cho hinh hip

Tii gidc ABCD la hinh binh hanh khi va chi khi ABCDA'B'C'D’ ¢é

—l-xp=3 |xp=—-4 A'(1;0;1),B'Q2;1;2),
DC=AB = {-2-y,=2¢{y,=-4 D(1;-1:1),C4;:5;-3),
2-z,=3 25 =—1. Tim toa do dinh A ctia hinh hip
ABCDA'R'C'D,

ViyIDN—-4;-4;-1).
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Vidu 7 | Hinh 33a md td mét sin ciiu 16ng véi kich thudc theo tiéu chuin quoc €. Ta
chon hé truc Oxyz cho séin dé nhu & Hinh 33b (don vi trén moi tryc li mét). Gia st AB la
mot tru ciu 16ng d€ ciing ludi. Hay xdc dinh toa dd cla vectd AB.

Hinhi 33

Gidi

* Goi toa d6 di€ém A 1a (x, ; y, : 2,). Vi chicu rong chia sén 12 6,1 m nén x, = 6,1. Do mét
nifa chiéu dai coa sin li 6,7 m nén ¥y =67 Piém A thude mit phiing (Oxv) nén z,=0.
Vi vy, diém A ¢6 toa dd 14 (6,1 : 6,7 ; 0).

* Bo diai doan lh.mgAB‘l?i] 55 m nén diém B c6 toa db 1a (6,1 ; 6.7 ; 1.55).
Viy ta ci: AB = (6,1-6,1;6,7-6.7 ; lSS—i]},lﬂLlZ‘iAB (0; 0; L55)

B sairie y

1. Trong khong gian véi hé toa dd Oxyz, cho diém A(1 ; 2 ; 3). Toa do cia vecto OA la:
AL 12 53) B.(1:0;3). C.(0;2;3). D. (15230

2. Trong khong gian véi hé toa dd Oxyz, cho vectd i=(-1:4;2) va diém A. Biét
OA =i, Toa db clia didm A 1a:

A (=420, B.(-1:4:2). C.(1:-4:-2). D.(-1;-4:-2).
3. Trong khong gian véi hé toa dd Oxyz, cho vectd i = — 2 —_; +3k. Toa dd cla vectd

i la:

A(-2:;-1:3). B.(Z2:;1:3). C.(—2:;0;:3). D.(-2;-1;-—3).

4. Trong khong gian vdi hé toa do Oxyz, cho hai ditmA(l :=1: ) vaB4d:-3:1)
Toa d6 cua vectd AB la:
A.(=3:2:1). B.(3;:-2:-1). C.(5;:-4:3). D.(3;-4;-1).
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5. Trong khéng gian vdi hé toa _dlﬁ- Oxyz, cho vectd i =(4;2:3) vadiém A(1:1; 1).
Toa dd diém C thoia man AC =i la:
A.(4:2:3). B.{1:1:1). C.(5:3:4). D3 152

6. Trong khong gian véi hé toa dd Oxyz, cho A(3 ;-2 :-1). Goi A, A,, A, lin lugt
la hinh chi€u cla diém A trén cdc mit phing toa do (Oxy), (Ovz), (Ozx). Tim toa do
clia cic di€m A, A,, A,

7. Trong khong gian vdi hé toa d6 Oxvz, cho A(—2 ;3 ; 4). Goi H, K, P lan lugt 14 hinh
chiu ctia di€ém A trén céc truc Ox, Oy, Oz. Tim toa 46 cia cic diém H, K, P.

8. Trong khong gian vdi heé toa do Oxyz, cho hinh hip ABCD.A'B'C'D’ c6A(4:6;-35),
B(5:7;-4),C(5:6:-4),D(2;0:;2). Tim toa 46 cac dinh con lai cia hinh hdp
ABCDA'B'C'D’.

9. Ngudi ta cin lip mdt camera phia trén sin bong dé phét séng truyén hinh mét tréin
béng d4, camera ¢ thé di ddng A€ ludn thu duge hinh dnh rd nét vé dién bién trén
sin. Cdc ki su du dinh trdng bon chiée ¢6t cao 30 m v sii dung hé théng cdp gin
vito bon diu cot d€ gili camera d vi tri mong mudn.

Mé hinh thiét ké dudc xdy dung nhu sau: Trong hé truc toa A6 Oxyz (ddn vi dO dai
trén mdi truc 13 1 m), cdc dinh ciia bén chiéc cot 1an ludt 1a cdc diém M(90 ;0 ; 30),
N(90 ; 120 ; 30y, PO ; 120 5 30), (0 : 0 ; 30) (Hinh 34).
Gia st K 1a vitriban diu clia camera ¢6 cao do bing 25 vi K‘]Mzknh’r. KUP =K 0.
Dé theo ddi qud bong dén vi tri A, camera dudc ha thilp theo phudng thiang ding
xuc"::ng diém K | €ao dj bi:ing 19 (Neudn: https:iwww.abiturloesung.de: Abitur Bavern 2016
Geometrie VI,

A

N0 0:3M 0 120 30)

MO0 ;0 ; 300 : i
i P [ R bk
y T TR e ST ”
’ K e
,r/ i -
F /
X
Hinh 34

Tim toa d§ cia cdc diém K, K, va clia vectd K K.
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§3 ' BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Mét chiée médy quay phim & dai
truyén hinh duge dit trén mot gid
dd ba chin vdi diém dit P(0:0: 4
vi cdc diém tiép xic v6i mat dét cia
ba chin lan lugt 1a Q,0;-1;0),

ofE 2o} of-£.1

, 9,0 - 1; 07221 )
22 2 "2 “ TE )
(Hinh 35). Biél riing trong lugng cla @72
X
may quay la 360 N. Hinh 35

Lam thé nao dé tim dugc toa do clia cde lwe B B,
tac dung lén gid da?

S

I. BIEU THUC TOA PO CUA PHEP CONG HAI VECTO, PHEP TRU HAI
VECTO, PHEP NHAN MOT $O vOI MOT VECTO

(SR Trong khong gian vdi hé toa dd Oxyz (Hinh 36),
cho hai vectd

U= Lri ¥ ‘_"I;I Vi v =[-xg 2 ¥as ';‘_1}'
a) Bi€u dién cic vecto i, v theo bavectd i, j, k.

b) Biéu dién cdc vectd w + v, i —v, mii (m e R) theo

ba vectd i, j, k.

¢) Tim toa dd cac vectd i + v, i — v, mu (m € R). Hinh 36

Neuw i =(x; ;3 3,) va V=(x, 5 ¥, 1 2,) thi

UHAV=(X + X sV + Vs 4+ )
A=V =(xX =X - Yi4-Lk

mi = (mx, ; my, ;mz,) vdim e R,
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Nhan xér: Hai vectd u=(x, 5y, 1), V=(x5¥:2) (V# 0) ciing phuong khi va chi
XA =My,
khi ¢6 mdt s6 thyc m sao cho |y, =my, .

L =ms

Vidul | Cho a=(-2:3:2), b=(2;1;-1), é=(1;2;3). Tinh toa d6 cia mbi

vectd sau;
a) 3a; b) 24 — b; c) d+2b —%E.
Gidi e
’,r’
Ta o * % a) Cho
" .. W=(=2:0:1),
a) 3d=(3.(-2):3.3:3.2). Viy 3di=(=6:9;6). T=(0:6:-2),
b)Tacé 2d=(-4:6:4) va b =(2;1 ;- 1). Do do, i e
2i-b=(-4-2;6-154-(=1)). AR 108 0 clia vecto
. _ i+ 2V — 4w
Viy 2a-b=(-6:5;5). b) Cho ba diém
)Do d@ =(-2:;3;2)va2b = ;2;-2) nén A 1;-3:-2),
R R \ . 3 9 B(2:3:4),
a+2b =(2:5:0).Ngoaira, vi —Er= —E:—:’r:—E C(3:5:6).
.3 1 9 Chiing minh riing ba diém
nén d+2b —Ec =[E.2 ; _E] A, B, C thiing hang.

—_ -

Il. TOA DO TRUNG DIEM DOAN THANG. TOA DO TRONG TAM TAM GIAC
a) Trong khdng gian véi hé toa dd Oxyz, cho hai diém A(xA s ¥ :’1} Vil B[xs y Vg ::H}.
Goi M(x,, ) z,,) 12 trung diém cua doan I.hfmg AB.
* Biéu dién vectd OM theo hai vecld OA va OB.

* Tinh toa @ cia diém M theo toa dd cia cdc diém A(x, 1 v, 12,) vaBlx, 1y, 1 2,).

b) Trong khéng gian vdi hé toa d6 Oxyz, cho tam gidc ABC ¢6 trong tim G.

* Bidu dién vectd OG theo ba vectd OA, OB, OC.
* Tinh toa do cia diém G theo toa dd cua cdc diém AR 1wy 5T Bl ¥y 1T
Cxps Yo s 20
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I * Cho hai diém Alx, ; S ¥y Zg) Néu M(x,, ;

: A58y v Bl L ¥yt 2,0 1A trung diém
doan thang AB thi
X, +x vV, +¥ Z.+z2
Xy == er:J*M="“2:'£': zy =452

* Cho tam gidc ABCco A(x, 5y, 32,0, Blxy 1y, 32,0, Clx sy 2.)- NeuGlx v, 1 2,)
I trong tim tam gidc ABC thi

x.=atEgtre, o _Yat¥ptde. , _Ittie

oo 3 R 3 . ——3 :

Vidu2 @ Chotam gidc ABCcd A(—2;1:0),B(0;2;5),C(5;0;2). Tim toa dj trung
diém M cia doan thing AB va trong tim G ctia tam gidc ABC.
Gidi
Do M(x,, ; y,, ; 2,,) 1a trung di€m doan thing AB nén

=240 442 3 0455
M 2 Pu T ST Ty
Viy M[—l;?'-;é} Pm=
z 2 2 Cho ba diém
Do Glxg 3 ¥g i T 1a trong tim tam gidc ABC nén A0 =11,
~ 240450 B(1:0:5),
A= ik G(l:2;0).
o 1%240 X a) Ching minh ring ba
Yo7 =b diém A, B, G khong thing
0+5+2 7 hang.
iG= 3 =§' b) Tim toa d6 diém C sao
cho G la trong tim cua
Viy G[l;l;%). tam gidc ABC.

L. BIEU THUC TOA DO CUA TiCH VO HUGNG

Trong khong gian vdi hé toa d§ Oxyz, cho cic vecto i=(x i1y )

Hay biéu dién cdc vectd ii, v theo ba vectd don vi i, j, k va tinh tich vé hwdmg ii . v.

Neuid=(x:y:g)vav=(x;¥:2) thiad.V=xx+ny+52.
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Nhdn xét

a)Néu d=(x;y;2) thilal=\d.a=yx*+y*+".

b) Néu A(x, : ¥, : z,) v B(x, 1 ¥, : 2,) thi

AB = |EE :J{.rz - X ) +(¥, =¥ ) +(z; - :llz-
¢) Vi hai vectd ii =(x, : y, 3 2,) VA V=(x, 5 ¥, ; 2,) khic vectd 0, ta c6:

= i va v vudng gée vdi nhau khi va chi khi XX, +yy,+2z,=0

iV
il . |v] th v+ Jr§ +y; 42

= cos(h, v)=

Fidu 3 = Trong khong gian vdi hé toa dd Oxyz,cho A(1:0;0), B0 0: 1)vaC(2:1:1).
a) Chiing minh ring A, B, C khéng thing hang.
b) Tinh chu vi ciia tam gidc ABC.
¢) Tinh cmxﬁ )
Cricii
a) Taco: BA=(1;0;—1), BC=(2:1;0). Suyra BA=(1;0;—1)#kBC =(2k : k ; 0)
vdi moi k € R. Viy ba diém A, B, C khong thing hang.
b) Ta thiy:

- w \
_ 2 e T V
BA_JI +0" 8 -JE' '3 Trong khong gian véi
BC =22 +12 +0? =.U,"§, hé toa dé Oxyz, cho tam

pidic ABCco A(2:-1:1),

AC=vVI2+12 412 = /3. B(l:-1:2)vaC(3:0:2).

. Chiitng minh ring tam gidc
Viy chu vi clia tam gidc ABC biing 2 +/3 +5. e tia

¢) Ta cé:

— —ie— T RO b 2
iR il G e IR _E. 240 16C-1.0_ 3 Y10

Bal.lBdl =~ 245 N0 5

Vidu+4 © Hinh 37 minh hoa sd d6 mot ngdi nhi trong hé truc toa d6 Oxyz, trong dé nén
nhi, bon biic téing va hai mai nha déu 1a hinh chii nhit.

a) Tim toa 46 cla cdc diém A, H va F.

b) Tinh géc doc cha mdi nha, tic 1a tim s& do cia géc nhi dién ¢6 canh 13 dudng thing
FG, hai mit lin lugt 1a (FGOP) va (FGHE) (lam tron két qua dén hang phin mudi
cua da).
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Giai

a)

Vi nén nha 1 hinh chii nhit nén td gidc
OABClahinhchinhdt, suyrax, =x, =4,
Ye=¥= 5. Do A nim trén truc Ox
nén toa do diém A la (4 ; 0 ; 0). Tuding
nhi la hinh chii nhit nén tit gidc OCHE
la hinh chit nhit, suy ray, =y.=35,
2, =2, = 3. Do H niim trén mit phiing
(Ovz) nén toa do diém H 12 (0 ;5 ; 3).
Tii gidac OAFE la hinh chir nhat nén
X.=x, =4z, =z,.=3. Do F niim trén
miit phiing (Ozx) nén toa 46 diém F 12
(4:0;3).

E0:U;:3)

O(2;5;4)
Het o G(4:5:3)
| P(2;0;4)
e :
o R s B(4:5:0)
a0 0;0) A X
Hinh 37

b) Dé tinh géc dc ciia mdi nha, ta di tinh s6 do ctia gée nhj dién ¢6 canh la dudng thing
FG. hai mit lan ludt 13 (FGOP) va (FGHE). Do miit phfmg (Ozx) vubng giée vai hai
miit phing (FGQP) vi (FGHE) nén géc PFE 1a gée phiing nhi dién dng vdi géc nhi
dién d6. Tacé: FP=(-2:0:1), FE=(-4;0;0).

_ __ " FP.FE

Suy ra cnsﬁ =cos(FP, FE) =

7P| |FEl

(-2).(-4)+0.0+1.0

s

J22 402+ 442 +02 402 5
Do d6, PFE ~ 26,6° Viy géc dic clia méi nha khodng 26,6°.

Vidu 5 = Haiy gidi bai todn trong phin mé déu.

Gidi

Theo gid thiét, ta cé cic diém PO ; 0 ; 4), g2l ;- 130, Q‘z[f;i:{)],
V3 1

o[-L:100)

Suyra: PQ, =(0-0;~1-0:0-4)hay PQ, =(0:—1;—-4);
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<=7 Do -
Vi vily, tdn tai hiing s0 ¢ = 0 sao cho:
E=rﬁ={ﬂ;—c:—4€]:

F: =cPQ, =[§c : %c - —4:-];

- B J

F, =¢'P_Q3'=[—Tc;5c;—4c ‘

Suy ra |PQ, =|PQ,

Suy ra ,_FI'I‘+F§+;F‘3.={(};{};-—]2(-]‘

Mt khic, ta co: E+F§+E =F, trong dé Fz{[}; 0: = 360) la trong luc tic dung 1én
mdy quay. Suy ra — 12¢ =— 360, tic 1a ¢ = 30.

Vay F, =(0;-30; - 120); F,=(15J3:15;-120); F, =(~ 15J3 ; 15; - 120).

IV. CACH TiM TOA PO CUA MOT VECTO VUONG GOC VGI HAI VECTO
CHO TRUGC

- 4
a) Cho hinh Iip phudng ABCD.A'B'C'D" ¢0 A(0 : 0 5 0), B(1 ;0 :0), DO ;1 :0),
C'(1; 1;1). Hay chi ra toa d6 ciia mdt vectd vudng géc vdi ¢d hai vectd AB va AD.
b) Cho hai vectd s =(x, : y, : z,) va ¥ =(x, : ¥, : z,) khong cling phudng.
Xét vectd W=(¥2; = ¥,2; i X, — X, 1 XY, — X, ¥).
* Tinh W .4, w.V.

* Vectd w cd vubng goc vdi ¢i hai vectd ¢ va v hay khong?

Ta ¢6 dinh Ii sau:

Cho hai vectd u =(x; ; ¥, : ;) va v =(x; ; ¥, ; Z,) khdng cing phuong.

Khi do, vectd w =(y,2, = ¥,2; : ;% = ;X : XY, — X, ¥, ) vudng géc vdi ca hai vectd
i ova v,

Nhiin xét
* Vectd w trong dinh i trén con duge goi 1a tich cé luedng coa hai vectd & va v, ki hiéu 1a
w =i, v].

I

b i
» D€ thudin tién trong cdch viél, ta quy udc: 4= ad — be, véia, b, ¢, d 1 cic s6 thuc.

79

Boc ban méi nhat trén hoc10.vn Ban mau gop v



Khi d6, v6i hai vectd i =(x, 1y, i) vav=(x, 1%, :%,), tach
[, v] =[

» Hai vecto i, v khong ciing phudng khi va chi khi veetd w = [i, ] = 0.

X _II -}I

'x'! .‘rl'l

- -
1. ]™ 1].
] L

o

#1] e e i = ; : :
]_U’I‘-j = ¥5Zi 15Xy — 5oy L XYy — X))

¥ I,

] |

Fidu 6 & Trong khong gian véi hé toa dd Oxyz, cho hai
vectd i =(1;=2;3) va v=(2;0:=3). Hiy chi ra toa
d6 cia mot vectd w khic 0 vudng géc vdi ca hai vectd

i va . ﬁ?’

4 Trong khong gian vdi
Giai hé toa d6 Oxyz, cho hai vectd
Ta co: i=(1:0:-3)

e -2 3 3 AN -2 V=(0;:0:3)

(4, V] = s . =(6,9;4). Ve Jatidss)

0 -3 -3 212 0O Hy chi ra toa d§ clia mit

vectd w khic 0 vuding goc
vdi cd hai vectd i va v,

Chon w=(6;9:4). Theo dinh li trén, vectd w vudng
gdc vdi cd hai vectd @ va v.

B eairie

1. Trong khong gian vdi hé toa d6 Oxyz, cho a=(2:3;-2) va b =(3:;1;-1). Toa

db cha vectd a—b la:

AAL:=2+1). B.(5:4:-3). C.(=9P=2: - B D.(-1:2:-3).
2. Trong khong gian véi hé toa d§ Oxyz, cho a=(0;1:1) va b =(-1:;1;0). Géc

giila hai vectd @ va b biing:

A. 60", B. 120°. C. 1508, D. 30"

3. Trong khong gian vdi h€ toa 46 Oxyz, cho a=(-1;2;3), b=(3;1;-2),
c=(4;2;-3).

a) Tim toa 46 coa vectd i =24+ b -3¢,
b) Tim toa db cua vectd v sao cho v + 2b =d+¢.

4. Trong khong gian vdi hé toa d6 Oxyz,cho a=(2:-2:1), b=(2:1:3) Hiy chi
ra toa d6 clia mdt vectd ¢ khde 0 vuong goc vdi ca hai vectd g va b.

B0
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Trong khong gian v&i hé woa do Oxyz, cho a=(3:;2;-1), b=(-2:1;2). Tinh
cOsin cla goc (d. .5}.

:J'l

6. Trong khing gian vdi hé toa dd Oxyz.cho A(-2:3;0), B(4:0:5), C(0;2:-3).
a) Chidng minh riing ba diém A, B, C khong thing hang.
b) Tinh chu vi tam gidc ABC.
¢) Tim toa d¢ trong tim G cua tam gidc ABC.
d) Tinh cos BAC.

7. ChohinhhépABCD.A'B'C'D’ bidtA(1;0;1),B(2:1;2),D(1;-1;1),C'(4;5;-5).
Hay chi ra toa do ciia mot vectd khdc 0 vudng géc vdi ci hai vectd trong mdi tniding

hdp sau:

a) AC va B'D'; b) AC' va BD.

8. Mat chiéc deén tron dude treo song song vdi mit phing nim
ngang bdi ba sdi diy khong din xuit phat tit diém O trén
trfin nha 1dn ludt budc vio ba diém A, B, C trén dén tron
sao cho tam gidc ABC déu (Hinh 38). D6 dii clia ba doan
diy OA, OB, OC déu biing L. Trong lugng cla chiée dén la
24 N vi bédn kinh ctia chiéc dén 14 18 in (1 inch = 2.54 cm).
Goi F 1a do 16n cua cdc lyc cing F, F,, F, tén mbi sgi

diy. Khi dé, F = F(L) 13 mét ham s0 vdi bién sé la L. P
a) Xdc dinh cong thidc tinh ham s& F = F(L). !
b) Khio sét vi vé do thi him s& F = F(L). Hinh 38

¢) Tim chiéu dai t5i thiéu ctia mdi soi diy. biét ring mbi sgi diy dé dude thiét k& dé
chiu dudc hic ciing 16i da la 10 N.
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hé toa dp Oxyz.
1. Cho diém M thoa min OM =37 +47 +2k. Toa do ciia diém M la;
A.(2;3:4). B.(3:4;2) C.[A:253) D.(3:;2:4)
2. Cho hai diém M(1 ;=2 :3) vaN(3 ;4 ;- 5). Toa dd cha vectd NM 1a:
A.(-2;6;R). B.(2;6;=8). C.{(-2;6;-8). D.(-2;-6;8).
3. Chohaivectd u=(3;-4:5), v=(5;7 ;- 1). Toa dd cta vectd u + v la:
A (8:3:4). B.(-=2:-11:6). C.(2:11:=-6). D.(-8:-3:-4).
4. Chohaivectd i=(l:;=2:3), v=(5:4;-1). Toa 36 cha vectd u —v la:
A.(4:6:4). B.(-4:-6:4). C.(d:6:=-4). D{(-4:-6:-4).
5. Choveetd i=(1:—1;3). Toadd cha vectd — 3u la:
A.(3:-3:9). B.(3:-3:;-9). C.(—3:3:-9). D.(3:3:9).
6. Poédaiciavectdii=(2:-2:1)la:
A9, B. 3. C.2. D. 4.
7. Tich vo hudng cia hai vectd wi=(1;-2:3)vav=(3:4;-5) i
A V14 500 B.-Via 500 .0 D. - 20.
8. Khoding ciich gida hai digm (1 :4:=T)vaK(6:4:5)la
A. 169, B. 13. C. 26. D. 6,5,
9. Cho hai diém M(1 ;-2 :3)va N(3 ;4 ;- 5). Trung diém ctia dogn thing MN c6 toa
da la:
A=-2:1:1). B.(2:1:1). C.(-2:1:=1), D.(2:1:=1)
10. Cho tam gidc MNP co M(0 ;2. 1), N(—=1:=2:3)va P(1;3;2). Trong tim clia
tam gidac MNP c6 toa do la:
A.(0;:1;2). B.(0D:3;6). C.(0;-3;-6). D.(O;-1;-2).
az
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11. Cho hai vectd w=(1:-2;3) vii v=(3 ;4 ;- 5). Hiy chi ra toa d6 cha mdt vectd
W khic 0 vuong gée voi cd hai vectd 1 va v,

12. Cho hinh Iip phudng ABCD.A'B'C'D’ ¢6 canh bing a. Goi M, e"l-"_lip lugit la trung
diém cia cédc canh AA' vid CC'. Tinh gée gitta hai vectd MN va AD'".

13. Xéthé toa dd Oxyz gin vdi hinh Lap phudng 3
ABCD.A'B'C’'D’ nhu Hinh 39, don vi clia T‘ D’
méi truc bing d dai canh hinh lip phuong. i
Bigt A(0;0:0), B(1:0:0),D(0;1:0), B
A0;0:1).
a) Xic dinh toa d6 cic dinh con lai cda J i
hinh 1dp phucdng ABCD.A'B'C'D". P . - [
b) Xdc dinh toa dé trong tim G ciia tam W
gidc A'BD. U C
¢) Xdc dinh toa d6 cde vectd 0G vi OC'. Hinl 39
Chitng minh riing ba diém @, G, €’ thing

hang va OG = %OC'.

14. Trong khong gian vdi hé toa dd Oxyz, cho A(2:;0:-3), B(0;-4;5)vaC(-1:2:0).
a) Chiing minh riing ba diém A, B, C khong thing hang.
b) Tim toa d6 ciia diém D sao cho td gific ABCD 12 hinh binh hanh.
¢) Tim toa dd trong tim & cua tam gide ABC.
d) Tinh chu vi cta tam gidc ABC.
¢) Tinh cos EET:
15. Mot chige mdy dugc dit trén mdt gid dd ba
chéin vdi diém dit E(0 ; 0 ; 6) va cdc diém
ti€p xtic vdi mat dit cia ba chén lan ludt 1a E(D : 0+ 6)
Alﬂ}; 1 ;00 >

Az[ﬁ;—l;ﬂ), _h

2 2

3

(Hinh 40). Biét riing trong Iugng cia chide
mdy 14 300 N. Tim toa dgcﬁa cdce Iue tdc ;{
dungléngiddd F, F,. F;. Hinh 40
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CAC SO DAC TRUNG
DO MUC BQ PHAN TAN CHO

MAU SO LIEU GHEP NHOM

Trong chuong nay, ching ta sé tim hiéu nhing néi dung sau:
khoang bién thién, khoang tif phan vi ciia mau sé liéu ghép nhom;
phuang sai, dé léch chuan clia mau sé liéu ghép nhom.

I{HOANG BIEN THIEN, KHOANG TU PHAN Vi

S1 cUA MAU s6 LIEU GHEP NHOM

Béng 112 bang tin s& ghép nhém biéu dién miu s6 liéu ghi

e ‘Nhém Tén si
lai ndng sudt lda (ddn vi: tatha) cia 60 dia phudng. -
(40 : 47) 1
o o [47 : 54) 6
Khodng bién thién cia mdu sé liéu 54 61 21
ghép nham dd diege xde dinh nhie thé nao? [54:61)
2 ' . [61 : 68) 21
A B [68 ; 75) 1
n =00
Bdng !
I. KHOANG BIEN THIEN
1. Dinh nghia
Nhiém Tiin sd
1 = AT e - A4 !
Xét mau 50 liéu ghép nhom cho bai Biang 2 (40 : 45) 4
a) Tir.n‘ a,a, If}n It 13 ddu mit trdi cia nhém 1, ddu muit [45 : 50) 1
phdi ciia nhom 5. (50 ; 55) 9
b) Tinh hiéu R = a.—d. [55 : 60) 8
Nhén xét: Trong miu s& liéu ghép nhoém trén, higu 60 65) 8
R =a,—a, dugc goi la khodng bién thién cla méau s6 liéu n=40
ghép nhém do. Bing 2
84
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Trong truting hdp téng quat, ta ¢é dinh nghia sau:
[
Xét miu s8 liéu ghép nhém cho bdi Bdng 3.
Goia,a, lin luot 14 diu mit trdi cha nhém 1,
diu muit phii ctia nhém m.
Hiéu R = a1~ duoce goi la khodng bién thién
ctia méu s0 liéu ghép nhém dé.

Vidul = Bdng 4 biéu dién miu s6 liéu ghép nhém vé
chiéu cao (don vi: centimét) chia 36 hoc sinh nam lép 12
d mdt triding trung hoc pho théng. Tim khodng bién thién
ctia mdu 6 lidu ghép nhém dé.

Gidi

Trong méu sO liéu ghép nhém do, ta ¢6: ddu miit trdi clia

nhém 1 laa = 160, ddu miit phai ciia nhém 5 12 a, = 175.

Viy khodng bién thién clia miu sd liéu ghép nhém do la:
R=a,—a, =175-160 =15 (cm).

f
Chii ¥

D61 véi miu s6 liéu ghép nhém mai ta biét miu s ligu
khong ghép nhém sinh ra né thi ta cling ¢6 thé chon
khodng bién thién cla miu s6 lidu khong ghép nhém
chinh 1a khodng bién thién ctia méu s& liéu ghép nhém.

2.Y nghia

Nhém Tén si
Iﬂ'l :azl n,
[c.-2 : r_r3] n,
la, :a,..) n,
n
Bing 3
Nhom Tin s
[160: 163) 6
[163 : 166) 11
[166: 169) 9
[1695172) 7
W72 ;R75)
n=36
Bing 4
=

1 Tinh khodng bién thién

clia méu s6 lidéu ghép nhom
cho bdi Bing I trong phin
md diu.

* v = 1 = - ra & - - # 1 = 8 &
* Khodng bién thién ctia miu s6 ligu ghép nhém do miic d6 phin tin cha mau s6 ligu do.

Khoang bién thién cing ldn thi méu sd liéu cang phin tin,

* Trong céc dai lugng do mic do phén tin cia miu s6 liéu ghép nhém, khodng bién thién
1a dai lugng dé hi€u, dé tinh todn. Tuy nhién, do khodng bién thién chi sit dung hai gid tri

a,vaa
m+

1

, clia méu s6 ligu nén dai lugng d6 dé b anh hudng bdi cdc gid 1ri bar thuomg.

* Khodng bién thién clia miu s6 liéu ghép nhém xép xi cho khoang bién thién ciia miu

s0 liéu goc.
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Il. KHOANG TU PHAN VI T
1. Dinh nghia Nhém | Tansd | oo
©#P» Xét mdu 56 liéu ghép nhom cho boi Bang 5.

E g o g gy oo | (16033601 6 | 6

a) om 2 Mn nqrg au tien co tian so tich luy Ic n [163:166) | 11 1
—_—=___ = A 1 hé by

hnﬁcbﬁng4 T 9 ¢6 ding khong? (166:169) | 9 2%

» Tim diu miit trdi 5, 46 dai h, tin s6 n, cianhém 2; | [169; 172) 7 33
tin s tich luy cf cua nhom 1. S.ju d6, hiy tinh ti [172:175) 3 36
phén vi thi nhat 0, clia mau s liéu di cho theo

cing thic sau: n=306
D=,
0, =5+[ ']. B Being 5
"y
b) * Nhém 3 14 nhém ddu tién c6 tAn s6 tich luy 16n hon hoic bing ; = 3; =18 ¢b
ding khéng?

« Tim déu muit trdi r, 0 dai d, tin s6 n, cda nhém 3: tin s6 tich luy ¢f, cia nhém 2.
Sau @6, hiy tinh 1@ phan vi thd hai O, cita mbin $§ lidu di cho theo cong thiic sau:

Q2=r+[ Cﬁ*’].d
H-_;
. 36

¢) » Nhém 4 i nhém déu tién ¢6 tin s6 tich luy 1dn hon hoidc bing % =— z =27 ci
ding khong?
» Tim ddu mat trdi 1, 4o dai [, tin s n, cla nhém 4; tin s tich luy cf, cia nhém 3. Sau
d6, hay tinh i phin vi thi ba O, cua miu sd lidu dd cho theo cong thie sau:

Q3=r+[ﬂ].r.

Ay

d) Tim hiéu Q, - Q,.

Nhiin xér: Tn:mg mau s0 ligu ghép nhém trén, hiéu ﬂ. =0, -0, dugc goi la khodng ui
phdén vi clia miu do.

Trong truiing hop tong qudt, ta c6 dinh nghia sau:

[‘fr Nhém |Tdns§| Tén s tich luy
Xét miu s6 liu ghép nhém cho b~ la;:a,) | n o, =n,
Biing 6. la,:a;) ny of,=n +n,

Goi Q. 0, Q, Ia tit phan vi cia miu ||, il 2 it e
s0 liéu d6. Ta goi hiéu A, =0,-0 1 Lo m .
khodng ni phédn vi cia mau s0 liéu do. n

Bing 6
86
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Vidu 2 = Beng 7 biéu dién miu s& liéu ghép nhém vé chiéu cao ciia 42 miu ciy & mot
vuiin thute vit (don vi: centimét). Tinh khodng ti phin vi cia méu s liéu ghép nhém dé
(1am tron k&t qua dén hang phan mudi néu cin).

Gicii

S& phén tif cia mau 1a n = 42. ' ) .| Téns§
P oA N ‘ Nham ‘Tﬁnﬁu tich lu§
« Ta co; 1=T=l{),5 ma 5 < 10,5 < 15. Suy ra 40 ; 45) 5 - 5

nhom 2 li nhém déu tién ¢6 tin s6 tich luy 16n hon [45 : 50) 10 15

hoéic bing 10.5. Xét nhém 2 1a nhém [45 ; 50) c6 [50:55) ¥ ¥y
s=45 h=5: n,= 10 vii nhom 1 13 nhém [40 ; 45) [55 : 60) 9 31
cd cf, =35. [60:65) 7 38
Jip dung cong thice, ta ¢6 ui phin vi thd nhit 1a: [65 :70) 4 42
o r '
0 =45+[ID~5 5)r5=41775 (cm). . .n=42_
Bdng 7

* Taco: %:%:ﬂ.ﬁ ma 31 < 31,5 < 38. Suyra

nhém 5 1i nhém diu tién ¢6 tin 8 tich luy 16n hon
hodic bing 31,5. Xét nhém 5 1a nhém [60 ; 65) co
t=60;!=5; n, =7 vi nhém 4 la nhom [55 ; 60) c6

of, =31 F-/—;' il

Tinh khodng i phin vi

ﬁtp dung cong thide, ta co td phin vi thid ba li: ca mau s8 liéu ghép nhém
31.5-31 dudgc cho bdi Bdng 1 trong
Q, =60 +[T] .5 =60.4 (cm). phin md déu.

Viy khodng td phéin vi clia miu s0 liéu ghép nhém di cho la:
Ay=0,~ 0, =604 47,75 = 12,65 (cm).

2.Y nghia

» Khodng ti phiin vi clia miu s6 liéu ghép nhém xip xi khodng td phin vi cla mau s
liéu gde va la mot dai ligng cho biét mde d6 phin tdn cha nia gitia miu s6 liéu.

» Khodng t phin vj cia miu s6 liéu ghép nhém gitp xdc dinh cdc gid trj bat thuding cia
maiu dé. Khoang ui phin vi thudng dude st dung thay cho khodng bién thién vi né loai
trit hdu hét gid tri bit thung ctia miu s6 liéu vi né khong bi dnh hudng bdi cdc gid tri
biit thuding do.

B7
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B i rae

1. Bdng 8 biéu dién miu s6 liéu ghép nhém vé s§ tién Nime | ek
(don vi: nghin dong) ma 60 khéich hing mua sdch § 40 - 50 3
mot clia hing trong mdt ngly. 14)5:20) )

o s hoas sl il A ) ) [50 ; 60) 6

a) Khoang bién thién clia mau so liéu ghép nhém 60 : 70) {9
trén la:

[70 ; 80) 23
A. 50. B. 30. C.6. D. 69.8.

[80 ; 90) 9
b) Khoing i phiin vi clia miu sd liéu ghép nhém i
trén la: |
A. 50. B. 40. C. 14,23. D. 70,87. Bing &

2. Rdng 9 bidu dién miu s& liéu ghép nhém théng ké mic ludng clia mot cong ty (ddn
vi: triéu dong).
a) Tinh khodng bi€n thién cia méu sé liéu ghép nhém dé.
b) Tinh khodng t¢ phén vi ciia miu s6 liéu ghép nhém d6.

Nhém Tiin sé Nhém Tén si
[10:15) 15 [20: 30) 25
[15:;20) 18 [30: 40) 20
[20 ; 25) 10 [40 ; 50) 20
[25 ; 30) 10 [50: 60) 15
[30 ; 35) 5 | [60:70) 14
[35:40) 2 [70; 80) 6

n =60 =100
Bing 9 Bing 10

3. Bdng 10 biéu dién miu s6 lidu ghép nhém vé dé tudi cia cu dén trong mét khu phd,
a) Tinh khodng bi€n thién ciia méu so liéu ghép nhém do.

b) Tinh khodng ui phéin vi ciia miu s& liéu ghép nhém do.

ga
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PHUONG SAl, DO LECH CHUAN
cUA MAU $O LIEU GHEP NHOM

K&t qua 40 ldn nhay xa cla hai vin dong vién nam Diing v Huy dugc 1an ludt thong ké
trong Bdng 1 va Bdng 12 (ddn vi: mét):

Nhim Tin s Nhém Tiin s
[6,22 ; 6.46) 3 [6.22 ; 6.46) 2
[6,46 ; 6,70) [6,46 ; 6,70) 5
[6,70 ; 6.94) [6,70 ; 6,94)
[6,94:7.18) 20 [6,94 ; 7.18) 19
[7.18 ; 7,42) 5 [7,18 ;7,42) 6
. =40 n=4{
(Ngudn: hitps:#shutterstock.com) Bang 11 R Bing I.-?.
Két qud nhdy xa ciia vin déng vién nao dong déu hon ?‘ | _ @5
Nhom | g5 | Tin s
2 [40 : 45) % 3
I. DINH NGHIA [45 - 50) v 12
Xét miu 6 liéu ghép nhém cho bdi Beng 13. [30; 55) .t;
a) Tim Xy Xy Xy X X lin ludt 1a gid tri dai dién cha [55; 60) Xy
nhém 1, nhém 2, nhém 3, nhém 4, nhém 5. [60;65) | x,
b) Tinh s& trung binh cing ¥ clia miu s& liéu ghép # =40
nhom do. Being 13
— P12, (< E 49, (5 =FP 47 (x5, =X 49, (=% :

40
& Tiih 5= 52,

Nhén xér: Trong miu s& liéu ghép nhém trén, cdc s6 57, s lin lugt dude goi la phuong
sai, @9 1éch chudn cia miu s6 lidu do.
a9
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Trong truding hop tdng quit, ta ¢6 dinh nghia sau:

2 e - Noom | O80T g
Xét miu 50 liéu ghép nhém cho bdi Bang 14. SRR | aidita| T
-S(Eqi ¥ la s6 trung binh cong clia méu s6 liéu dé. la, s ay) X, n,

g 2
2 _mlx —f]2+n1[12 -T) ot n (x -x)° i idy 2 "2
n
dugc goi 12 phitong sai ctia miu & liéu do. e, 38,000 Fy "
* Cin bﬁn_: hai (56 hoc) clia phudng sai goi 1a dd n=n +n,
I¢ch chudn cia méu s6 ligu ghép nhom, ki higu la s, .
nghia la 5= Js_z
Beang 14

Vi du
a) Tinh phudng sai vit d3 léch chuiin ctia miu so ligu ghép nhém biéu dién két qua 40 lin
nhiy xa ctia viin dong vién Diing cho bii Beng 11 (1am trdn két qua dén hang phin triim).

b) Tinh phudng sai va dd 1éch chudn clia mau s6 liéu ghép nhém biéu dién két qua 40 lan
nhéy xa clia vin dong vién Huy cho bi Bdng /2 (1am tron két qua dén hing phén trim).

¢) Trong hai vin dong vién d6, két qua nhiy xa ciia vin dong vién nao dong déu hon?
Gidi

Ta ¢6 cdc bing thong ké sau:

Nhém d‘::ﬁd:;‘ Tén s& suiag? | .ﬁ:ﬁdﬁg. Tén s6
: [6,22 ; 6.46) 6,34 3 [6.22 : 6.46) 6,34
[646:6.70) | 6.58 7 [646:6,70) 6,58
16,70 ; 6,94) 6,82 3 [6.70 : 6,94) 6,82
[6,94 ;7,18) 7,06 20 16,94 ; 7.18) 7,06 19
| [7.18:742) | 730 5 [7.18:7.42)  7.30 6
n=40 n=40
Biing 13 Bing 6

a) S& trung binh cong ciia méu s liéu ghép nhém bicu dién két qua 40 lin nhiy xa cla
viin déng vién Diing cho bdi Bdng 15 la:

Q0
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— _3.634+7.658+5.682+20.7,06+5.7.30 276,88
- 40 T
Viy phudng sai ctia méu s6 liéu ghép nhém biéu dién két qua 40 lin nhiy xa cha vén

dong vién Diing cho bdi Bdng 15 (lam tron két qua dén hiing phin trim) la:
i ]

53, = 4_{}[3 (6,34-6,92)" +7.(6,58-6,92)* +5. (6,82 -6,92)

= 0,92 (m).

%782 0,07,

+20.(7,06-6,92)* +5 . (7,30-6,92) | =

D6 léch chuan cua miu sé liéu ghép nhém trén la: s, =4/0,07 = 0,26 (m).

b) S6 trung binh cdng cia miu so liéu ghép nhém biéu dién két qua 40 ldn nhiy xa cia
viin ddng vién Huy cho bdi Bdng 16 la:
i 2.634+5.658+8.6,82+19.7.06+6.7,30 278,08
IH - — — =] 6.95 [m}
40 40
Viy phuong sai ctia miu s6 liéu ghép nhém biéu dién p‘
két qua 40 1an nhdy xa ca van dong vién Huy cho  Tinh phudng sai, @b léch

boi Bang 16 (1am tron két qua dén hang phdn trim)1a;  hudn cla miu 55 li¢u ghép

| nhém cho & Bdng 17 (lam tron
=20 [2.(6.34-6.95) +5. (6.58-6,95)’ két qué dén hang phiin mudi).
+8.(6,82-6,957+19.(7.06—6,95) o it
1 2,528 150 : 60) 6
+6. [T,3ﬂ—ﬁ,95]']= it = (1.06. (60 ; T0) 12
[70 ; BD) 7
D6 léch chuin cia miu s6 liéu ghép nhém trén la: [80 ; 90) 8
90 ; 100) 7
5y =+0,06 ~ 0,24 (m). ; e
n=
1 - ~ i - - e i
¢) Do s, = 0,24 <5, = 0,26 nén két qua nhay xa cua Bing 17

viin dong vién Huy ddng déu hon két qud nhdy xa
cua vin dong vién Diing.

Il. Y NGHIA

» Phuong sai (d6 1éch chudn) chia méu s liéu ghép nhém xép xi phudng sai (d6 1éch chudn)
clia méu s6 licu gdc va duge dung d€ do mife dd phin tdn ctia méu s6 liéu ghép nhém do.

« D6 1éch chuin c6 cling don vi véi don vi cia miu s6 liéu,

» Khi hai miu s liéu ghép nhém c6 ciing don vi do vit ¢6 sd trung binh cong biing nhau
(hoiic xip xi nhau), miu s6 lidéu ndo ¢6 d6 léch chudn nhd hdn thi mdc do phén tin (so vdi
s0 trung binh cong) ciia cdc s6 liéu trong mdu dé sé thap hon.

@1
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B i rae

L

Q2

MGt siéu thi thong ké so tién (ddn vi: chuc nghin Gidtr |
3 ; S Ry Nhém Tiin s
dong) ma 44 khich hang mua hang & sién thi do dai dién
trong mdt ngay. S lidu dude ghi lai trong Bédng 18. [40:45) | 42,5 4
a) Phudng sai ctia méu s6 liéu ghép nhom trén la: [45:50) | 475 14
A.53.2. B. 46,1. C..30. D. 11. [50:55) | 525 8
b) P léch chuiin clia mau s6 liéu ghép nhém trén | [55:60) 57,5 10
(lam tron k&t qua dén hang don vi) li: [60:75) 62,5 6
A. 68 B. 7.3. C.33. D.46,1. |[65;70)| 67.5 | 2
Bing 19, Bang 20 lin lugt biéu dién miu s6 lidu ks
ghép nhém thong ké mide ludng ctia hai cong ty A, B Bdng 18
(don vi: triéu dong).
Gid tri Gia tri "
Nhém dai dién Tén s Nhém dai dién Tin s6
[10:15) 12,5 15 [10: 15) 12.5 25
[15;20) 17.5 18 [15;20) B.5 15
[20 ; 25) 22,5 10 [20 ; 25) 22,5 7
[25: 30) 27.5 10 [25 ; 30) 27.5 5
[30; 35) 32,5 5 [30 ; 35) 32,5 5
[35; 40) 37.5 2 [35 : 40) o 3
n=060 n =60
Biéing 19 Being 20
a) Tinh phudng sai vii dd 1éch chuin cia miu s6 Gid tri
lidu ghép nhém In lugt bidu difn mic Itong ciia | N0 | o i gigy | Tinsd
hai c¢dng ty A, B. [20; 30) 25 25
b) Céng ty nao ¢6 mifc ludng ddng déu hon? [30:40) 35 20
[40 ; 50) 45 20
1- 3 -1 H - &
Bﬁf_tg 21 biéu dién miu sb liéu ghffp nhém vé di (50:60) | 55 5
tudi cia cu din trong mit khu pho. Tinh phudng
. \ﬁAIAh h 4 & = ..-*1-.; d:_. lﬁﬂ',?ﬂ] fh3 14
sai va do léch chuan cioa mau so liéu do. (70 : 80) 25 6
| n= 100
Beng 21
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BAI TAP CUGI CHUONG III

Cho miu s6 liéu ghép nhém ¢6 ud phén vi thit nhét, thit hai, thd ba lin ot 12 Q. Q,,
Q.. Khodng tid phin vi clia mdu s6 liéu ghép nhém do bing:
A.20,. B.Q, - Q.. C.0,-0, D.Q,+0Q, -0,

2. Bdng 22, Bdng 23 Yin lugt biéu dién mdu s6 liéu ghép nhém vé nhiét do khong khi
trung binh céc thiang nam 2021 tai Ha N&i va Hué (ddn vi: do C).
Gid tri Gid tri
Nhém 8ai dikn ‘ Tin s6 ‘ Nhim dsi dign Tén si
[168:19.8) | 183 2 [168:19.8) | 183 1
[19.8 ;:22.8) 21,3 3 | [19,8 ; 22.8) 21,3 2
[22,8 ; 25.8) 243 2 | [22,8 : 25.8) 243 3
[25,8 ; 28,8) 27.3 | [25.8 ; 28.,8) 273 2
[28,8:31.8) 303 4 [28.8:31.8) 30,3 4
n= 12 n=12
Biing 22 Being 23
(Neudn: Nién gidm Thing ké 2021, NXB Thing ké. 2022)
a) Tinh khoang bién thién, khodng td phén vi, phitong sai va do léch chuin ctia miu
50 ligu ghép nhém cia Ha Noi va Hué.
b) Trong hai thanh phé Ha Noi va Hué, thanh phd nio cé nhiét dé khong khi trung
binh thing dong déu hdn?
3. Bing 24 thong ké dd dm khong khi trung binh cde thing nidm 2021 tai Da Lat va
Viing Tau (don vi: %).
= T
- Thdng | 2| 3Omd | 5 | 6| 28 | 9 | 20| 11| 12
D am ; | |

Palat |83 |79 79|87 87|87 88 8 |9 91|88 86
VingTau | 75 | 77 | 78 |77 |79 | 79 | 81 | 79 | 81 | 83 [ 80 | 77

Poc ban méi nhat trén hoc10.vn

Biing 24

(Negudn: Nién gidm Thong ké 2021, NXB Thing ké, 2022)

a) Hiy lin ludt ghép cdc s6 lidu cha Da Lat, Viing Tau thinh nim nhém sau:
[75,78,3), 78,3 : 81,6), [B1,6; 84.9), [84.9 ; B8,2), 88,2 ; 91,5).
b) Tinh khodng bién thién, khodng tf phén vi, phudng sai va do léch chuiin ctia miu
50 lidu ghép nhém ciia Pa Lat va Viing Thu.
¢) Trong hai thanh phé Da Lat va Viing Tau, thanh phé nao c¢6 do dm khong khi
trung binh thdng dong déu hon?
23
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BANG GIAI THICH THUAT NGU

THUAT NGU

diém cue dai

diém cuc tiéu

6 léch chuin ciia miu
st liéu ghép nham

duwimg tiém cin ding

dwimg tiém cin ngang

duwimg tiém ciin xién

phuong sai cia mau
st liéu ghép nhom

thué gis tri gia ting
thue suat thué thu
nhap cia nhan

thué thu nhip

cia nhan

tich co hudmg cua
hai vecto trong
khiong gian

tich vi huimg cua
hai vecto trong
khing gian

24
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GIAI THICH TRANG

ham s6 y = f(x) lién tuc trén tip K — B, x, = K. Khi d6, x, dwpe
goi la mot diém cwe dai cia ham s6 di cho néu ton tai mot khoang
(a ; b) chira diém x, sao cho (a ; b) = K va f(x) < f(x,) v6i moi
xel(a:byvaxix,
ham s6 ¥ = f{x) lién tue trén tip & R, x e K Khi da. X, duwore goi la
mit diém cire ticu cia ham 36 d& cho néu ton tai mét khoang (¢ ; o) chira
:Ii&nxt sao cho (¢ i d) = Kvafla) = flx) viimoix € (e d)vax # x,.

cin bac hai 56 hoe cia phromg sai

dwimg thing x = x, dwge goi I duimg tiém cin dimg cia do thi him sd
¥ = f(x) néu it nhit mot trong cac dicu kién sau duge thoa mén:
lm f(x) =+t hm f(x)=+o; lim f(x)=—m; lim f(x)=—m=

Ty Ladt P

dufmg Il'l.ing_} = ¥, dwoc goi la dwomg tiém cin ngang cia do thi ham
56 ¥ = f(x) néu: Im:l f(x)=y, hode hm f(x)=y,.

diromg thing v = ax + b (a # 0) duge goi la dwimg tiém cin xién
cia do thi ham 56 y = f(x) néu: lim [f(x)—(ax+b)]=0 hodc
]il:!l If{x)—{axr+b)=0.

>

n(x, =X) +m(x, -3 +..+n,(x_ -T)

36 8=

goi la phwong sai
cia mdu s6 liéu ghép nhom

thué tinh trén gid tri ting thém cia hing hoa, dich vu phat sinh trong
qua trinh tir san xuat, hru thong dén tiéu ding

ti 1& phan trim ding dé tinh s6 thué phai ndp cin cir vao phan thu
nhip tinh thué cia mdi ngwin

khoan tién ma nguini co thu nhip ci nhin phai nép vao ngin sich
nha mrde

hai vecto i =(x, s ), 1 g) va V=(x, 13,1 2,)

vecta W= (Y23 — Yoy 3 5%y — 25X 1 X Vs — X, ¥, ) goila tich

6 hwemg cia hai vecto i va 7.

14 mét g6 thue dwge xde dinh bai -.ung thire 4.b —|a| |b| cos(@, b).
o do (4, b} la goc giira hai vecto 4, b

9

23

79

61
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BANG TRA CUU TUNGU

TU NGU

ba vecid dong phing

bifu thie tog db cia tich vo hudng
chiét khiu

diém cyc dai

diém cuc tidu

difm cuc tri

dd léch chufin

duding tiém cin ding

duting Liém cin ngang

duding tiém cin xién

gid trj bit thudng

gid tri cuc dai

gid tri eye tidu

gidi trj cye trj

gid trj 1n nhét coa him sd

gidi trj nhd nhit cia him sé

hé truc toa 45 rong khong gian
hiéu clia hai vectd

khodng i phin vi

Poc ban méi nhat trén hoc10.vn

TRANG

89

22

TU NGU

phép nhin mét s6 vdi mt vectd

phuidng sai

quy tic ba diém

quy tic hinh binh hinh
quy tic hitu

quy tic hinh hop

thu nhip chju thué

thu nhip mién thué
thué gid trj gia tiing
thué sudl

tich clia mdt 50 véi mbt vectd
trong khong gian

tich cd hudng cia hai vectd

tich v hudng ehia hai vectd
trong khing gian

tinh don diéu cia ham s8

toa d6 cia mot diém

toa db cloa mot vectd

toa 46 trung diém cla doan thing
toa df trong tim cia tam gidc
tng ciia hai vecto

vectd trong khing gian

Ban mau gop v

60

il

63

68

o5



Chiu trdch nhiém té chifc bdn thdo va ban quyén néi dung:
CONG TY €O PHAN DAU TU XUAT BAN - THIET BI GIAO DUC VIET NAM
Chu tich Héi déng Quantri: NGUT NGO TRAN Al
Téng Giam dée: VU BA KHANH

Bién tap:
LE HUY DAN
Thiét ké sdch:

PHAN THI LUONG — NGUYEN THI PHUCONG YEN
Trinh bay bia:

NGUYEN MANH HUNG
Stra bdn in:
LE TRUNG DUNG = VU MANH HUY

TOAN 12 -TAP MOT

Ma sé:
ISBMN
In ... cudn, khé 19 x 26,5cm, tai ......
Bia chi:
56 xac nhan dang ki xudt ban: .../ [~/
Quyét dinh xudt ban s6: .... /... NGAY ... /o fuvae
In xong va ndp luu chiéu
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Mang cudc séng vao bai hoc
Duwa bai hoc vao cuéc séng

T

@Aén 12 1a cudn sach gido khoa danh cho haoc sinh
Iép 12, thude b sach gido khoa “Canh Diéu'; thuc hién theo
“Chuong trinh Gido duc phé thong 2018"

Sach gém hai tap va chuyén dé hoc tap dugc bién soan
dép ung yéu cdu phat trién phdm chit va nang luc cla
hoc sinh. Cac hoat dong hoc tap duge t6 chuc theo tién
tnh tir dé dén khé, hudng dén viéc kham pha, phat hién,
thuc hanh, van dung gidi quyét van dé trong thuc tién,
phu hop véi tAnh dé nhan thuc cla hoc sinh. Sach dugc
trinh bay hap dan, khoi ggi su td ma, kich thich hing thy,
tao dung niém tin trong hoctap mén Toan & hoc sinh.

Sach la san pham tam huyét cia tap thé tac gia - nhing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phé théng.
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